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NOTATION 
A = cross section area of standard cylinder, in� 
a = shear span, in. OR = (Asfy)/(0. 8 5  f�b) 
= depth of the equivalent 
rectangular concrete stress block, in. 
ACI = American Concrete Institute. 
An
= area of tension reinforcement necessary to resist externally 
applied horizontal force (see Figure· 2. 2a),  in? 
As = area of tension steel of main beam (see Figure 3. 6) , in? 
A5 
= total area of main dapped-end tension reinforcement (see Figure 
2. 2a) ,  in� 
Ash
= vertical bars across potential re-entrant corner crack (see Figure 
2. 2a), i-n� 
ASTM = American Society for Testing Materials. 
Av = total area of shear reinforcement within a spacing S (see Figure 
· 2 3. 6), in. 
Av
= area of stirrup shear reinforcement perpendicular to main 
· dapped-end tension reinforcement (see Figure 2. 2a), in� 
Avh 
= total area of stirrup reinforcement parallel to the main 
dapped-end tension reinforcement to prevent against premature 
splitting failure (see Figure 2. 2a) ·, in? 
. b = width of the beams, in. OR the distance from R ·ght .to load P (see . r, n 
sketch .of Figure 4. 3) . 
B.M. D. = bending moment diagram. 
D = diameter of standard cylinder, in. 
d = distance from extreme compre�sion fiber to centroid of longitudinal 
tension reinforcement, in. 
d
5 
= diameter of steel fiber, in. 
Ec 
= secant modulus of elasticity for concrete specified by the ACI code 




= actual secant modulus of elasticity from testing = (0. 5 f� )/(£) , 
psi. 
xxi 
E = cal cul ated secant modul us of el asticity of fibrous concrete = cc ' 1 5 _r;;-( 3 3-6.0 Ps) w · �f�, psi. 
Es
= modul us of el asticity of steel = 29, 0 0 0, 0 0 0, psi. 
F1 
= concrete shear force capacity = 2 bd�f�, kips. 
F 2 
= shear friction force for the horizontal stirrups Avh' kips. 
F 3 
= fl exural force for the horizontal rebars As, kips. 
F 4 
= vertical shear force in the vertical stirrups Ash' kips. 
Fi = the enhancement in magnitude of the concrete shear force F1 by 
the pressence of S.F. 
F2 = the enhancement in magnitude of the shear friction force F 2 by 
the pressence of S.F. 
F3 = the enhancement in magnitude of the fl exural force F 3 by the 
pressence of S.F. 
F4 
= the enhancement in magnitude of the vertical shear force F 4 by 
the pressence of S.F. 
f = flexure stress = MC/I, psi. 
= spl it cyl inder tensil e strength specified by the ACI code = 
6 . 7 �f � , psi. 
= actual initial spl it cyl inder tensil e strength from testing = 
(2P)/(1rDL), psi. 
= actual ultimate spl it cyl inder tensil e strength from testing = 
(2P)/{1rOL), psi. 
fcts 
= calcul ated ultimate spl it cycl inder tensil e strength of fibrous 
concrete = (6. 7  + 1.6 P
S
) �f�, psi. 
f� = 28-day compressive strength of concrete (standard cyl inder 
strength) , psi. 
fp 
= principal tensil e stress, psi. 
fr
= modul us of rupture of concrete specified by the ACI code 
= 7 • 5 � f � , ps L 
f ri 
= actua 1 first modulus .of rupture from testing, ps;. 
frsi 
= calcul ated first modul us of rupture of fibrous concrete 
= ( 7. 5 + 2. 6 p s) � f �, psi . · 
fru 
= actual ul timate modul us of rupture from testing, psi. 
frsu = cal cul ated ul timate modul us of rupture of fibrous concrete 
= ( 7 . 5 + 4. 9 p s) � fc', psi . . . XXll 
fs 
= actual stress of As, psi. 
fsh 
= actual stress of Ash' psi. 
ft
= flexural tensile stress plus axial tension, psi. 
fy 
= yield strength of reinforcement, psi. 
fv 
= shear stress - V/bh, psi. 
fvh 
= ·actual stress of Avh' psi. 
h = depth of the member above the dap, in. 
H = total depth of member, in. 
I = moment of inertia, in� 
Icrr 
= reduced moment of inertia of a cracked transformed section, in� 
Ie 
= effective moment of inertia, in� 
Ier 
= reduced effective moment of inertia, in� 
Ir
= reduced mqment of inertia, in� 
j d = distance from the centroid of the compression ·block to center of u 
(As + An� · 
K = a factor relating the posi�ion of the neutral axis to d in working 
stress design. 
K 2 
= reduction factor� 1. 0. 
K3 
= reduction factor = [Vn (calculated by eq. 6. 1 4 )/Vn (actual )] � 0. l0  
K 4 
= reduction factor = 0. 5. 
kips = kilo pounds (10 0 0 pounds ). 
ksi = kips per square inch. 
L = span length or length of the cylinders, in. 
Ls
= length of steel fibers, in. 
ld 
= development �ength, in. 
lp = length of the extended-end (dap projection ),  in. 
M = moment 
Ma
= moment in member at stage deflection is computed, K-in. 
Mer
= cracking moment, K-in. 
Mn
= nominal moment capacity ·of a section ,- K-in. 
Mu
= ultimate moment capacity of a section, K-in. 
m = [intercept! slope (ps ) ]  
N = axial load, lbs. 
xxiii 
X = the distance from.section 3 to section 2 (see sketch of Figure 4. 3) , 
in. 
X ' = the distance from section 2 to section 1 (see sketch of Figure 
4. 3) , in. 
x 1 = point of intersection where an assumed crack running at an angle of 
4 5° with the horizontal from the re-entrant corner meets the top 
face of the beam (see Figure 4. 1) ,  in. 
x2 = point of intersection where an assumed crack running at an angle of 
4 5° with the horizontal from the end of the full depth beam meets 
the top face of the beam (see Figure 4. 1) ,  in. 
� = angle between the forces {see Figure 2. 2) ,  degrees. 
llL = axial defo.rmation, in. 
fl = deflection, in. 
£ = strain llL/L, unitless. 
cr = stress = load {P)/area(A) , psi. 
p = tension steel percentage = (As/bd) (lOO) , %. 
Pmin 
= minimum steel percentage in a section, %. 
· ps 
= percentage of steel fibers, %. 
� = strength reduction factor as defined· in the ACI code 31 8- 83 (1) , 
( 0. 90). 
e = angular rotation (slope). 
µ = shear-friction coefficient which is equal to 1. 4  for crack plane in 




= calculated shear-friction coefficient (see Section 2. 3. 3  Equation 
2. 1 5).  
A = 1. 0 for normal weight concrete. 
% = percentage. 
f = integration symbol. 
XXV 
Nu
= factored horizontal tensile force (axial tension force) , kips . 
n = modular ratio = Es-/E .  - C 
o = a section located in the sketch of Figure 4. 3. 
P = applied load, lbs . 
Pn = vertical ly applied machine load on the beam (see Figure 4 . 1) ,  lbs . 
Pu
= ultimate applied load, lbs. 
psi = pounds per square inch . 
pcf = pounds per cubic foot. 
Q = ratio of_ stresses f vhffy � unitless. 
Q '  = ratio of stresses f5/fy, unitless. 
Q "  = ratio of stresses f5h/fy, unitless. 
Rleft 
= left reaction (see Figures 4 . 3  and 4.4) . 
Rright = right reaction (see Figures 4. 3 and 4. 4) . 
Ri eft 
= left reaction of modifie_d B .M .. D .  (see Figures 4. 3 and 4. 4) . 
R�ight = right reaction of modified B.M. D .  (see Figures 4 . 3  and 4.4) . 
S = spacing distance between stirrups, in. 
S.F .  = steel fiber . 
V = shear strength, lbs . 
Ve = nominal shear strength provided by concrete, kips. 
V . D. = shear diagram. 
Vn 
= predicted ultimate reaction, kips. 
Vn(actual) 
= measured shear strength of the dapped-end connection from 
. testing, kips . 
V�  = ultimate modified reaction, ki-ps . 
V� = ultimate alternate modified reaction, kips . 
Vn(flex) = calculated shear stre·ngth of dapped-end connection when 
fa.il ure is governed by -flexure = (As fy d)/ ( a) , kips . 
V
P
= shear force due to prestressing (vertical component of tendon) , 
kips . 
Vs
= shear force web reinforcement, kips.· 
Vu = factored ultimate shear strength, kips. 
W = unit weight of concrete, pcf. 




I NTRODUCT ION 
1.1 General 
A cast- in-pl ace , reinforced concrete structure is by nature 
mono l ith ic a nd continuous , wh i l e a precast structure is composed of 
indiv idual pieces . These prefabricated members can be connected in a 
number of different ways , as in steel construction . The way they are 
connected determines a member ' s  behavior under 1 oad . I n  fact , the 
behavior of the structure as a unit , or as a series of separate 
members , is �etermined by the type of connections used . 
I t  may be easy to design a member and know i ts behavior , but 
understanding a connection is more difficu l t because the most �ighl y 
stressed regions occur at joints . Consequentl y ,  stresses are 
1 oca 1 i zed a nd then transferred to other s tructura 1 members through 
those connections. Other forces , such as those induced by settl ement 
or temperature changes , are a l so imposed on these connections � 
One method of joining individual members together is to use 
dapped -end beam connections , which are practica l as wel l as economi­
cal . .  
A dapped -end beam · can be used as a drop-i n  beam between 
corbel s ( see F igure l.la )., or as a cantil ever- suspended span  ( see 
F igure 1.lb ). There are a l so certain  aesthetic val ues that can · be 
achieved by a h ide-away type of beam- to-beam and beam- to-co l u�n 
1 
Drop- tn Beam 
(1 )  Drop-tn Bea■ Between Colums Supported by Corbels . 
canti l ever · 5 suspended span 2 canti lever 
(b)  Canti l ever Suspended Span - moment can be purposely . pul l ed 
toward supports to reduce the s i ze .  
joi st  to beam (c )  beam to col umn 
Fi gu re 1 . 1 Some o f  the manY appl i cati on s of a dapped-en d beam . 
2 
connection. ( see Figure 1 .  lc ) .  There are versatile and economical 
applications as well as practical designs that can be achieved due to . 
the following reasons : 
1 )  The use of dapped-end beams facilitates the 
erection of a precast concrete structure. This is due 
to the greater .lateral stability of an . isolated 
dapped-end beam than tnat of an isolated beam support­
ed at its bottom face. Thus erection cranes can be 
disengaged immediately, all owing rapid and simple 
erection. 
2) The use of dapped-end beams enables the construc­
tion depth of a precast concrete floor or roof struc­
ture to be reduced by recessing the supporting corbels 
into the depth of the beams supported. 
3) Reduced cost of engineering and design is achieved 
by the s imp 1 i city of the deta i 1 i ng that overcomes the 
susceptibility to errors in the field. 
4) The beam end moments can be decreased .considerably 
if the connection is designed and located at the poi-nt 
of i nfl ecti on. 
5) The dapped-end beam needs onl y simpl e alterations 
to the forrrwork ; consequently, the cost of fabrication 
is kept to a minimum . 
As to the connection strength, the state of stress localized 
in this zone is difficult to determine due to the high stress 
3 
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concentra�ion . at the re-entrant corner . In this case , the cormion 
flexural theory is only partially adaptable . 
To realize the prev i ous qualities of this dapped-end beam , a 
safe and economical design method , one that utilizes the effect of 
steel fibers , has to be investigated. 
1 . 2 Definit ion of Steel Fibers and Fibrous Concrete 
Steel fibers are sma 1 1  , thin and produced in  a variety of 
standard sizes and shapes. They can be straight , cr i mped , twisted and 
deformed with hoo ked or paddled ends as i 1 1  ustrated in F igure 1. 2 .  
They are specified by aspect ratio , the length to the diameter 
(Lsfds) ,  which ranges between 30 and 150. Fibrous concrete is a 
composite material consisting of a concrete matrix containing a random 
dispersion of small fibers . The steel fibers are proportioned to 
concrete on the basis of volume percentages and added to the wet 
concrete mix .  Normally their percentages vary from 0 . 5  to 1 . 5% of the 
concrete volume . Improving ductility and crack arrests is the 
motivation behind add ing steel fibers . 
1 . 3 Historical Background of Fibrous Concrete 
In the past years , experiments and analyses have determined 
the effects of steel fibers on the behavior of reinforced concrete . 
properties. These affected properties will be divided into categories 
as follows : 
DEFOR MED ICRIMPEDt. 
HALF-ROUND WIRE FIBER S  
STRAIGHT. SMOOTH. 




DRAWN WIRE FIBERS 
CRIMPED-END. SMOOTH 
DRAWN WIRE FIBERS 
STRAIGHT. SMOOT 
DRAWN WIRE FIBEi  
Figure 1 . 2  Typical  corrmercial ly  avail abl e steel fibe rs . 
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1. 3.1 Compressive Strength 
During the l ast two decades , researchers have tested the 
effect of steel fibers on the compressive strength of concrete. 
In 1972 , Jitrendra-Anil ( 5 )  indicated that no appreciabl e  in­
crease in the compressive strength of fibrous concrete occurred. In 
1979 , Hal vorsen and Kessl er ( 3 ) concl uded that the compressive 
strength remains unchange_d by the amount fibers or even the type of 
fibers used . Late in 198 1 ,  Swamy and Ramakrishnam ( 12 , 17 )  ind i vidual ­
l y  reported an i ncrease of 12- 15% in compressive strength .  
1 . 3. 2  Defl ection 
A very important aspect of concrete structures is -the contra 1 
of defl ection . High defl ections at service l oads coul d resu lt  in 
l arge cracks and other structural probl ems that must be corrected . 
Therefore , many researchers have tested the effect of fi bers on the 
defl ections of concrete structural members � 
In 1979 , Swamy ( .18 ) stated a reduction in the defl ection at 
working l oads since fibers increased the stiffness of beams . 
In 1982 , Musa ( � )  experimented with the effect of steel fibers 
on simpl y supported beams. He concl uded that at al l stages of l oad­
ing , fibrous beams have resisted defl ections effectivel y and in 
particul ar when a l ower percent of main steel was used . In 1984 , 
Sahebjam ( 13 )  researched the effect of steel fibers on concrete 
continuous beams . He concl uded that the inc lusion of steel fibers did 
not have a maj or effect on defl ection under service . l oads. 
1.3. 3 Strai ns and . Ducti lity 
One of the most important design issues of rei nforced concrete 
is ductility. Its importance has been acknowledged by . many 
researchers who have conducted experiments on rei nforced concrete. 
Steel fibers proved to i ncrease concrete ducti lity . 
In August, 197 9, Swamy (18) reported that steel reinforcement 
with 88 ksi yi elding stress could be utilized in fibrous concrete 
beams where cracks and deflections were manipulated. Another 
important feature was the i ntensi fied plastic deformation at failure. 
Late in 1981, Swamy and Al-Taan ( 1 7) identified the use of high 
strength steel bars up to 100 ksi in the presence of fibers to enhance 
crack widths qnd deflections . Concrete is known to have an ulti mate 
strain of around 3000-3500 ( µ  i n/in ) ,  which i s  used in theoretical 
computations. Neverthel·ess, this strain could be unsuitable in cases 
when sharp inelastic deformation i s  necessary . . Experiments done by 
Swamy ( 18) have shown that when s tee 1 .fi bers were used cone rete 
strains vari ed from 52 40 to 6 62 0  ( µ  in/in) on the compressive side of 
beams at loads prior to failure. This result indicates that the use 
of steel fibers almost doubles the strain that concrete can wi thstand. 
1. 3 . 4  Stiffness ( flexural rigidity) 
One of the most controvers i a 1 and substanti a 1 topics is the 
stiffness, or flexural rigi.dity, of reinforced concrete. Flexural 
rigi d i ty is · due to the variable effecti ve moment of inertia ( I ) ,  . e 
which vari es from one section to another of a member at different 
7 
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l oad i n g  s ta ges . The AC I . Code deal t w i th th i s  phenomenon by adopti ng  
an  avera ge v a l ue of  l e . Vel a zco ( 19 )  i n  h i s  1980 ana l y s i s  of  rei n ­
fo rced concrete beams , noted a n  i n crea se i n  f l exu ra l  r i g i d i ty and a 
dec rea se i n  defl ec ti ons  when s teel f i bers were u ti l i zed . 
1 . 4  Ut i l i t i e s of  Steel  F i bers 
The u s e of s teel f i bers i n  actua l cons tructi on  i s  l i mi ted 
among contra ctors due to i ts fa i rl y  new presen ce i n  the wo rl d of 
re i nforced concrete . Howeve r ,  s i nc e  the s uperi ori ty of  ·f i brous 
concrete over p l a i n con crete i s  documen ted i n  recen t extens i ve 
resea rc h ,  des i gners and  con trac tors have been enco u raged to u se i t . 
Di fferent proj �cts and  p u rposes  i n  expl o i ti n g s teel  f i bers i nc l ude : 
1 )  Structura l  Un i ts :  Dec k s l abs  are red uc ed i n · 
t h i c knes s ,  l ea di n g  to a reduc ti on i n  we i gh t  wh i ch wi l l  
ea se hand l i ng p rocedures . H i g her l oad capa c i t i es 
re su l t  from an  i ncrea se i n  du.cti l i ty and c rack  
res i s ta nce before fa i l u re ( 10 ) . 
2 )  .I nd u s tri a l  Fl oors : They are affected  by the 
reduced q u ant i ty of concrete u t i l i zed , the  a cces s  of 
the a l l owab l e wor k i n g  s tres ses  and the cut i n  ma i n ­
tena nce  and re pa i r  cos ts ( 10) . 
3 )  B r i d ge s  and  Deck  Overl ays : Better performan ce and 
repa i rs a re ach i eved . . · 
4 )  P i pes : The u se o f  th i nner  p i pes wi th a n  i ncrease 
i n  t he o u ts i de edges s trength t ha t  wi l l  p rotect them 
from damage during handli ng is a very appreci ab 1 e 
benefit. 
1. 5 Research Objectives 
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The analysis of connections in precast concrete structures is 
complex due to the concentration of stres ses on the bearing a reas that 
transfer loads from one member to another. The design eq uations 
available were developed through field experience, tests and 
structural analysis. Proper design should take into consideration the 
safety, simplicity, and economical and practical applications of these 
connections,  as well as the production of structural units and 
construction s ituations pertinent to precast concrete buildings. 
The design procedu re and the reinforcement detail·ing of 
dapped-end beams prescribed by the Prestres sed Concrete Institute (11 ) 
are complicated. Five modes of failure are expected in dapped-end 
connections,  as shown and explained in . Figure 2.1, Section 2.2 .  
Proper reinforcement mu st be provided to ens u re the safety of the 
connection. Continued research is needed to improve details and 
analysis. 
One pos sible improvement is the addition of steel fibers to 
the concrete mix. The p resence of steel fibers is expected to reduce 
cracking and increase the shear load capacity of the connection. 
In this research, different ratios of steel fibers to concrete 
will be used . Also, different patterns of shear reinforcement will be 
adopted . The depth ratio of the reces sed ends to the total depth of 
the mai n  beams wi ll also be varied to i nvesti gate the contri bution of 
steel fi bers i n  shallower end depths. A total of 18 dapped-end beams 
will be prepared and tested up to fai lure. 
In general the mai n  objecti ve of this research program i s  to 
study the dapped-end connecti on wi th respect to the followi ng :  
1) To s i mpli fy the reinforcement deta i ls of the 
connecti on as shown i n  Fi gure 1. 3. 
2) To determi ne the d ifferent modes of fai lure. 
3) To i nvesti gate the contri buti on of steel fi bers to 
the strength capacity of the connecti on. 
4) To i nvesti gate the possi bi lity of replaci ng part 
of the rei nforcement wi th steel fi bers. 
5) To study the effect of the vari ati on i n  the rat io  
of the dapped-end depth to the total depth on the 
strength capac ity of the connection. 
6) To develop new expressi o�s to evaluate the 
strength of the connecti on when steel fibers are used. 
7) To determi ne such phys i ca 1 properti es of fi brous 
concrete as the compressi ve strength , the· modulus of 
























































1 1  
CHAPTER I I  
DES IGN  RECOMMENDATI ONS FOR DAPPED- END B EAMS 
2.1 Design Backgrou nd 
Littl e research had been done on dapped-end beams unti l 1970 
when Sargious and Tadros ( 14 )  of the Un iversity of Ca l gary presented 
their paper I I  Stresses in  Pres tressed Concrete Stepped Can ti 1 evers 
Under Concentrated Loads ". A fin ite el ement ana l ys is was carri. ed out 
to determine the behavior and strength of the tested beams . 
I n  1973 , Werner and Di l ger ( 20 ) publ ished their paper " Shear 
Design of Pres tressed Concrete Stepped Beams ". Their find ings were 
based on both finite el ement ana lysis and experimenta l ·study . The 
finite el ement techn ique was used to determine the stress d istribution 
around the re-entrant corner , and from computer resu l ts ,  the authors 
were abl e to determine the magnitude and direction of the principal 
stresses. With a l l these stresses known , the shear force at wh ich 
shear cracking f irst started to form was ca l cu l ated. Five specimens 
were tested to v erify th is approach and to determine if the shear 
strength of concrete can be rel ied upon. It was conc l uded that fin ite 
el ement resu l ts agreed c l osel y with the experimenta l resu l ts .  The 
tensi l e strength of concrete was found to be 6 � for the shear 
force to induce first crac_k in g. The u l timate shear strength was 
ca l cu l ated i- n the fol l owing manner ( 20 ). 
12 
where: 
Ve = cracking shear force. 
V
P
= shear force due to prestressing ( Vertical component of 
tendon). 
V = shear force in web reinforcement. s 
Hence , the tensile strength of concrete was involved in the ultimate 
shear strength of the step. 
In the PCI Design Handbook ( 11) , reinforcement designs for 
connections in general and also for this particular case of dapped-end 
connection are presented under Part 6 ,  Design of Connections. For the 
case of dapped-end connection , some of the equati ans resulted from 
tests performed by C.H. Raths and Johnson. The results of these tests 
are unpublished , but are discussed briefly in reference (7-). More 
recently , a comprehensive investigation was conducted at the Univer­
sity of Washington. The results were summarized in reference ( 8 ) . 
That i nvesti-gation verified the approach of the PCI Design Handbook , 
but reconmen.ded some modifications� 
2.2 Types of Failure Modes 
In a manner similar to following load paths , the connection 
designer must examine each possible mode of failure in the connection 
and its component parts. · some connections have apparent critical 
failure modes , while others are not as obvious. In the latter case , 
. laboratory testing is often employed. Dapped-end connection has 
427593 
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several possible failure modes that might occur , due to its being 
reces sed into the beam depth. 
The PCI Design Handbook (11) lists five potential failure 
modes, illustrated in Figure 2. 1, which should be investigated in 
designing the dapped-end of a beam : 
1) Flexure ( cant i1 ever bending) and ax i a 1 tension in 
the extended end. 
2) Diagonal tension emanating from the re-entrant 
corner . 
3) Direct shear at the junction of the dap and the 
main body of the member. 
4) D1 agonal tension in the extended end . 
5) Diagonal tension in the undapped portion. 
2. 3 Design Procedures 
The most common method of reinforcing a dapped -end member is 
as shown schematically in Figure 2.2 (a) .  The forces for which this 
reinforcemeDt is designed can be determined by considering the simple 
trus s analogy in Figure 2.2 (b) , plus reinforcing for the axial 
tension, Nu. I t  can be seen that the most critical reinforcements are 
the hori zonta 1 bars As .+ An and the verti ca 1 1 1hanger
1 1  bars Ash . The 
following equations from the 198 5 PCI Design Handbook ( 11 ) provide 
reinforcement requirements -that are not cumulative. I n  other words,  
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thes i s , not  the  sum . A1 s o , ( Avh) i s  grea ter than  th a t  req u i red by 
Sect i o n s  2 . 3 . 3 or 2 . 3 . 4 .  · 
2 . 3 . 1  F l exu ra l  a nd Axi a l  Te ns i on i n  the Extended End 
· From F i gu re 2 . 2 ( b) , the tens i on i n  the pri mary hori zontal  
re i nforcement As + An i s  Vu / tancx: where tana: = J u d/a . Th i s i s  equ i ­
v a l ent to c a l cu l a t i ng the cant i l ever - momen t of V a  and res i s t i ng i t  by . u 
the i nterna l momen t  cou p l e .  I n  add i t i on , th i s  re i nforcement  mu s t  
res i st the d i rec t ax i a l  tens i on and the sma l l amo u n t  caused . by the 
hori zon ta l  re i nforcemen t  bei ng  p 1 aced eccen tri  ca  1 l y  to the a ppl i ed 
axi a l  forc e , Nu . Thus : 
where : 
cp = 0 . 90 
a = s hear  s pan , i n .  
h = de pth  o f  the  membe r above the dap , i n .  
d = d i s tance from top to center of rei nforcement , As , i n .  
fy = y i el d  s trength of the fl exu ral rei nforcement , ps i . 
(2 . 1) 
(2 .2) 
= d i s tance from the centro i d  of the compress i o n  b l o c k  to 
center of (As + An) .  
The PC I Des i gn Handpoo k u s es a con serva t i ve  a p p rox i ma t i on of 
equati ng cpj u = 0 . 85 i n  orde r to s i mpl i fy ca l cu l a t i ons . When th i s  i s  
done , equ a t i ons  ( 2 . 1) and  ( 2 . 2) can  be comb i ned and s i mp l i f i ed to : 
( 2.3) 
Figure 2.2(b) shows the shear span !, me�sured from the point of load 
to the end of the deep portion of the beam. Reference (8) requires 
that the shear span a should be measured to the centroid of the hanger 
reinforcement, Ash · Examination of Figure 2.2(b) shows the latter 
assumption to be correct. The PCI Handbook approximates this condi­
tion by suggest_i ng that the 1 oad be assumed at 3/ 4 of the extended 
end, lp and specifies that _ the �anger reinforcement Ash start at a 
maximum of 1-1/ 2 in. from the end of the full depth beams. For the 
purpose of this research, the specimens will not be subjected to _ any 
axial force, Nu ; thus, equation 2.3 is reduced to : 
( 2. 4) 
2. 3. 2 Diagonal Tension Emanating from the Re-Entrant Corner 
A tensile crack will emanate from the re-entrant corner of a 
dapped-end beam at a very low .load. The Raths tests ( 7),  some of 
which were conducted on unreinforced members, showed that this crack 
starts at a principal tensile stress of about 4� for normal weight _ 
concrete. Once the crack starts, fa i 1 ure is very sudden and brittle 





f = p principal tensile stress , psi. 
ft 
= flexural tensile stress plus axial tension , psi. 
= [ Va + (Nh/2) ]/[bh2/6 J  + N/bh 
= 6 Va/bh2 + 4N/bh (2. 6 )  
V = vertical load , lb. 
N = axial load , lb. 
fv 
= shear stress = V/bh , psi. 
a = shear span , measured from point of load to re-entrant 
corner , in. 
b = member width , in � 
h = depth of the extended end , in. 
In this research , the specimens will not be subjected to any 
axial force , N. ; thus , equation (2. 6) is reduced to : 
ft
= 6Va/bh2 ( 2 .  7 )  
Because of the brittleness of the failure , the unpredictability of 
other parameters (such as load placement and magnitude of axial load) 
and the possibility of cracks developing during handling , the concrete 
tensile strength should not - be relied upon in narrow members , such as 
beams and joists. 
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Thus , in dapped-end beams the hanger reinforcement ,  Ash' must 
take the total vertical shear as shown by the simple truss analogy 
shown in Figure 2.2(b ) (11) : 
( 2. 8) 
where: 
<P = a . as · 
vu 
= applied factored load , lb. 
Ash 
= vertical bars across potential re-entrant corner crack , 
in2. 
fy = yield strength of Ash' psi . 
2.3.3  Direct Shear at the Junction of the Extended End and the Main 
Body of the Member 
This reinforcement is determined by shear friction , which 
simpl y states that slip along a plane is prevented by "friction " in a 
manner analogous to the classic friction formula : 
where: 
F = µ N  (2 .9 ) 
F = the design shear strength , V 0 , that can be resisted . 
µ = shear-friction coefficient which is equal to 1 . 4 for crack 
plane in normal . concrete cast monolithically ( 1 1 ) .  
N - the "normal force" , that is the strength of the reinforce­
ment , Avf' across the crack _ 
2 0  
In order for the two surfaces of the interface to part and 
sl i p, the reinforcement cros sing the plane must y i eld. Substituting 
ACI Code notation ( 1 ) into equation ( 2. 9) yields: 
(2 . 10 )  
or for design purposes: 
( 2 . 1 1 )  
The PCI Design  Handbook ( 11 )  recommends that 2/ 3 of the shear-friction 
steel requirement� be supplied at the bottom of the extended end ( As 
in Figure 2. 2a ) and 1/ 3 be distr-ibuted in the bottom 2/ 3 of the 
extended end ( Avh in Figure 2. 2a ) .  The design equations then become : 
( 2.1 2) 
but not less than calculated by equation ( 2. 3 ) .  When no axial force, 
N, is used ,  equation ( 2. 1 2) is reduced to: 
( 2. 1 3 ) 
But not les s than calculated by equation ( 2. 4 ) .  
( 2 .  14 ) 
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where : 
� = 0.85. 
f = y i eld strength of rei nforcement, ps i.  
µe = 1000 A
2 bh µ/Vu 
µ = 1.4. 
A =  1.0 for normal wei ght concrete. 
Vu i s  i n  k ips, and fy i s  i n  ks i.  
For mi n i mum values: 
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(2.15 ) 
( 2 . 16 )  
( 2 . 17 )  
unles s 1/3 more than that requi red by either equati on (2.13) or (2 . 1 4) 
i s  provi ded. The shear stress i s  li mi ted to V � 0.2 f '  bd � 800 bd . n C 
us i ng normal wei ght concrete for the shear-fri cti on des i gn as spec i -
f ied i n  Secti on 11.7 . 5 of ACI Code 318- 83 (1). 
For des i gn conven i ence, equation (2.15) can be combined with 
equati ons ( 2.13) and (2.14) to y ield : 
( 2.18 )  
and 
(2.19 ) 
2.3.4 Diagonal  Tension in the Extended End 
I n  the Raths tests ( 7 ) , the fina l fa i l u re of a l l of the 
reinforced s pecimens was a resu l t of compress ion in the extended end. 
The fa il ure s tarted as  diagonal tens ion crack ing , wh ich eventual ly 
outl ined an arch between the reaction and the appl ied 1 oad. I n  
several of the s pec imen s , t h i s  fa i l ure occurred before the primary 
horizontal reinforcement ( A
5
) or the hanger bars ( As h ) ,  i l l us trated in 
Figure 2.2a , yiel ded. Thi s  fa il ure l ed to the recoJT111endations  in the 
PCI Design  Handbook ( 11 ) for both vertical and horizonta l  reinforce­
ment in  the extended end a s  fol l ows : 
( 2.20 } 
with a min imum va l ue of : · 
( 2.21 )  
Reference (8 ) tes ts showed diagonal cracking i n  the extended end which 
may - cause a potentia l  fa il u re mode , but the premature compress ion 
fai l ure did not occur. An examination of the reinforcement detai l s 
for both Raths tests a nd Mattock-Chan tes ts ( 7 ,8 ) , Fi gure 2 . 3 ,  may 
show why. I n  F igure 2.3b , the horizonta l  bars , Avh ' had more pos itive 
anchorage and were better distributed. The s pecimens a l so had peri­
meter "framing bars . .  wh ich were not incl uded in  the design. I n  Figu re 
2 . 3a ,  the l ow pl acement of the Avh bars and the l oad pl acement 
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Fi gu re 2 . 3 Speci mens for dapped-end beam tes ts . 
permitted the cracks to bypass the bars and proceed uninterrupted to 
the load point. While the Mattock- Chan tests did not indicate a need 
for the verti ca 1 reinforcement in the extended end Av, their report 
reco11111ended such reinforcement be used if the ratio of a/d exceeds 
one, Figure 2.2a. 
2. 3. 5  Diagonal Tension in the Undapped Portion 
This possible failure mode was observed by Mattock-Chan tests 
(8) as a diagonal ·cracking i.n the lower part of the undapped portion. 
These cracks assumed an angle of approximately 45°. To reinforce 
against this possible failure mode, the PCI Design Handbook (11) 
reconmends tha� the primary horizontal reinforcement (As + An) be 
extended a minimum of 1.7 l
d 
(development length) past the end . of the 
dap, or l
d 
past crack 5, Figures 2.2a and 2.1 respectively. 
2. 4 Detailing Considerations 
Anchorage of reinforcement in dapped-end connections is very 
important. The PCI Design Handbook (11) suggest the following detail­
ed recoJTJT1endations illustrated by Figure 2. 4 :  
1) The miin reinforcement, (A + A ) ,  should . be s n 
positively anchored at the end of the beam. Welding 
it to a plate or confinement angle at the end . of the 
beam is reconunended. 
2) The hanger bars, Ash' should be placed as close to 
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Fi gure 2 . 4  Requ i red rei n forcement i n  dapped-en d connecti ons . 
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d 
requirements permit. These bars should be closed ties 
which wrap around horizontal reinforcement in the top 
and bottom of the beam. When multiple bars are 
required, 1 1bundl i ng" is suggested as a means to pl ace 
the center of resistance as near the end as possible . 
3) The horizontal bars, Avh' should be anchored near 
the end of the beam. Vertical bars should be placed 
at the end, and the horizontal bars wrapped around 
them. At the other end, these bars shoul d extend a 
minimum of 1.7 l
d 
past the dap. · These bars should be 
distributed throughout at 1 east 2/3 of the depth of 
the extended end. 
4) The horizontal bars, (As + An) ,  should extend into 
the beam a distance equal to (H - d + ld) past the end 
of the beam, where H i-s the depth of the undapped 
portion. This assures that the bars will be developed 
beyond a 4 5° crack which starts from the bottom corner 
of the undapped portion. In most applications, the As 
+ An and Avh · bars will be more than 12 ·in. above the 
bottom of the beam. Thus, they are classified as "top 
bars " by the ACI Cod� (1) , and increased development 
length, l
d
, is required. 
5) Experience has shown that the depth of the extend­
ed end should not be less than one-half the depth of 
the beams, un 1 ess the beam is sign i fi cant-ly deep�r 
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than necessary for other than structural reasons. If 
a greater dap is required to keep the structural depth 
very shallow, hanger connections similar to dapped 
ends, except that the extended, or bearing end is 
steel instead of concrete, are recommended. These 
hangers are exceptionally stable during erection. 
2. 5 Alternate Placement of Reinforcement 
In some applications the primary reinforcement, Ash' is placed 
diagonally, as shown schematically in Figure 2. 5a. In this case the 
forces are resolved, as shown in Figure 2. 5b . The reinforcement 
requirements are thus: 
( 2. 22) 
( 2. 23) 
The shear-friction in Section 2. 3. 3 must also be satisfied. Anchorage 
of the bars is, again, very important. It is sometimes difficult to 
get proper anchorage of the diagonal bars, Ash' especially in the 
extended end. Careful consideration of bend radii, hook diameters and 
other deta i 1 s is nee es sary. We 1 ding to cross bars or confinement 
angles may be required. 
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(a) Schematic of reinforcement 
Yutan a 
Aa• � 
Cb) Poree resistile system for vertical reaction 
, F i gure 2.5 Al ternate des i gn  fo r dapped ends . 
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CHAPTER III 
MATERIALS AND TESTING PROCEDURE 
3.1 Materials 
3.1. 1 Dapped-End Beams 
Eighteen beams of rectangular cross-section with one end 
dapped were cast in the laboratory. A total depth (H) of 1 0  inches, a 
width of 5 inches and a length of 5 feet were the basic dimensions of 
the beams. The step had a constant dap projection (.tp), a constant 
shear span (a), but variable depths (h) above the dap. Other vari­
ables were the distances between the support reaction load Vn and the 
machine load Pn (X), main beam steel reinforcement, dapped-end rein­
forcement and percentages of steel fibers . The beams were divided 
into six different groups as sunmarized in Table 3 . 1. 
3 . 1. 2  Concrete Mixes 
The concrete mix for a 1 1  beams consisted of the following 
materials : 
1) Coarse aggregate with a 3/8 in. maxirrum size. 
2) Fine aggregate with a 2. 8 0  fineness modulus. 
3) Type I Portland Cement. 
4) Water. 
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TABLE 3. 1 
% o f  Depth 
Steel above the 
Fibers Dap ( h ) 
Group No. Beam No. (P5 ) inc hes 
Bl 0. 0 
G l  B7 0.8 5 
B 1 4  1. 2 
B2 0. 0 
G2 B9 0. 8 5 
B 16  1. 2 
S -5-
- u·. o  
G3 -8 1 1  0. 8 4 
B 1 5  1. 2 
B6 0. 0 
G 4  B13 0. 8 4 
B 18  1. 2 
B3 0. 0 
GS  B10 0. 8 5 
8 1 7  1. 2 
B 4  0. 0 
G6 88 0. 8 5 
B 1 2  1. 2 
DAPPED END BEAMS ARRANGEMENT 
Load 
Location Dapped End Reinforcement 
( X ) 
As ( i n
2 ) As h (in
2 ) Avh {in
2 ) inches 
2 # 2 1 #2  
1 1. 5 2 #3 closed closed 
bars tie.s tie 
2 #2  
1 1. 5  2 #3 closed None 
bars ties 
2 #2 1 #2 
10 . 5  2 #3 closed closed 
bars ties tie 
2 #2 
10. 5 2 # 3  closed None 
bars ties 
2 #2 1 #2 
16. 5 2 #3 closed closed 
bars ties tie 





2 # 4  closed 
bars s tirrups 
at 4. 0 1 1  
12 #2 
2 # 4  closed 
bars stirrups 
at 4. 0 11 
12 #2 
2 # 4  closed 
bars stirrups 
at 4. 0 11 
12 #2  
2 # 4  closed 
bars stirrups 
at 4. 0 1 1 
12 # 2 
2 #5 closed 
bars stirrups 
at 4. 0 11 
None None 
w � 
Each concrete mix was designed to prepare six 5 in. x 10 in. x 
60 in. main beams, six 6 in. x 12 in. cylinders ( for the spl it 
cylinder test, the compressive - strength test and the modulus of 
·elasticity test) , and four 6 in. x 6 in. x 2 4  in. small beams for the 
modulus of rupture test. A total of approximately 15 cubic ft. of 
concrete was needed for each mix. Since a 3. 0 cubic ft. capacity 
mixer (F igure 3. 1) was used for mixing the concrete needed, the total 
quantity was divided into five equal 3 cubic ft. batches. 
Five minutes were allowed for the concrete to mix thoroughly, 
and then in a period of 7 to 9 minutes mixing time, the steel fibers 
were added to the mix at equal intervals. They were dispersed and 
mixed uniformly �hroughout the concrete mix. 
For each mixed batch, a slump test was performed according to 
ASTM standards ( C-1 43) .  The forms and molds were then filled, and a 
vibrator was used to ensure dispersion and penetration of the aggre­
gates and steel fibers within the beams st.eel cages ( Figure J.2) . 
After the excess concrete was scraped off the surface, it was smoothed 
by the use of wooden trowels (Figure 3. 3). 
3 . 1. 3 Forrrwork 
The forms used were made of uniform cross-section then were 
modified by adding end-pieces that were fabricated, so as to provide 
the dap projections. The w�oden forms were supported by steel 
brackets for lateral support necessitated by concrete pressure (Figure 
3. 4). The forms were cleaned with a wire brush, .and before each 
32 
33 
F igu re 3 . 1 3 . 0  cubi c foot mi xer . 
Fi gure 3 . 2  V i brati ng fi brous concrete . 
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F i gure 3 . 4  Formwork .  
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casting they were .light coated with linseed oil for easy stri pping of 
the forms . 
3 . 1 . 4  Steel Reinforcement 
Four sizes of rebars were used : No . 2 bars were used for 
horizontal and vertical stirrups (Avh ' Ash ' Av ) ,  including the framing 
. bars for both the main beam and the dapped-end reinforcements ;  No . 3 
bars were used for main dapped-end reinforcement (As) ; No . 4 and 5 
bars were used for main flexural reinforcement and placed at the 
bottom of the beams , Figures 3 . 5, 3 . 6 and 3 . 7 . 
All reinforcements were tension tested beforehand using a 
Tinius Olsen testing machine to determine the stress-strain character­
istics of the rebars . Al l rebars had a definite yield point except 
No . 2 bars which did not show definite yield point ; therefore, the 
yield strength was considered at 0 . 2  percent . Table 3 . 2  shows the 
results of the tension tests on the rebars . 
All reinforcement rebars used were deformed, except the No . 2 
which was smooth . According to the suppliers statement, the surface 
deformaties of those rebars conformed to ASTM s pecifications (A 615) . 
The dimensions and reinforcement details of the test specimens may be 
seen in Figures 3 . 5, 3 . 6  and 3 . 7 .  
The rebars were then sorted to match �he design . The main 
bars were marked and cut off wfth an acetylene torch to the desired 
length . Fabrication of a steel cage was performed in two stages : 
1) The first stage was the reinforcement for the 
beam . Two No . 4 bars were cut to a length of 5 0  in . 
Ash  2#2 closed s tirrup 
5 
5 
Note : ( 1 )  All dimensions are in inches. 
As 2#4 
Av 12#2 c_losed s tirrups 
2#2 framing bars 
( 2) Reinforcement details of the extended-end omitted for clarity ( s ee Fig ures 3 . 6  and 3.7 ).  
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Figure 3. 7 Typica l reinforcement detail s of extended-end depth (h ) = 4 in. 
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RESULTS OF REBARS TENSION TEST 
TYPE OF STRESS 
No . of Ultimate 
Steel Rebar Yield (ksi) Strength (ksi) Fracture ( ksi) 
#2 66.2 98.1 69.7 
#3 71. 3 111.2 94.6 
# 4  6 7.3 110.6 8 5.9 
# 5  6 7.5 1 10 . 5  107  .2 
These served as  the ma i n  fl exura l  s tee l for the beam . 
Then two No . 2 bars were cu t to 63  i n .  to act as the 
frami ng bars pl aced near the top of the beam . For 
shear  rei nfo rcements of the ma i n  beam No . 2 bars were 
used at 4 i n . i nterval s to ensure s uffi c i ent s hear  
re i n forcement . The st i rrups were cut at  28  i n .  
l eng ths and bent manua l l y  on spec i a l ly  des i gned and 
fabr i cated equ i pment i nto cl osed hoops , wi th over-
1 a pp i  ng ends . There was a tota l of 14 sti rrups  i n  
each beam , wh i ch i nc l uded two extra s ti rrups i den ti ­
fi ed as As h  re i nforcement spaced 1 i n .  apa rt and 
pl aced 1 . i n .  away from the dap proj ect i on (lp ) , 
F i gures 3 . 6  a nd 3 . 7 .  Th e ma i n  steel re i nforcement , 
the frami ng  bars and s ti rrups  were then wel ded . Al l 
of these  wel ds were anneal ed i mmed i ate ly  to prevent 
bri ttl e fa i l u re wh i ch had occu rred once i n  prev i o u s  
corbel s research ( 7 ) . A prel i mi nary cage was then 
as semb l ed ( F i gure 3 . 8 ) . 
2 )  The second s tage was rei nforc i ng the da p s . The 
ma i n  dapped-end re i nforcements were two No . 3 bars , 
each 25- 1/2  i n .  l ong ,  f i l l et wel ded to a s teel bear i ng 
pl  ate , 5 i n .  x 4 i n .  x 1/2 i n .  Another type of 
rei nforcement c l ass i fi ed - a s  Avh st i rrup was cu t out of 
No . 2 rebar at  a l ength of 65  i n .  and bent i nto cl o sed 
hoops wi th overl appi ng ends . At th i s  s tage the A h . V 
40 
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stirrup was placed within two-thirds of the depth 
above the dap and welded to the cage. Following that 
was the placing of the welded plate at the bottom of 
the projection and welding the extended bars to the · 
stirrups. Finally, a piece of No. 3 rebar, 5 in. long 
was welded as an anchor to the plate, as shown in 
Fi gures 3.6 and 3.7. The cages were then cleaned and 
degreased (Figure 3.9). 
3.1.5 Strain Gages 
The locations of diagonal tension cracks that were most likely 
to cross the reinforcement were determined. Therefore, four strain 
gages were needed per specimen, as illustrated in Figure 3.1 0. 
Two different types of SR- 4 strain gages were used. 
· 1 )  A-1-S6 strain gages with resistance of 1 20! 2% ohms 
and a gage factor of 2 . o 3!1% were used for concrete 
compression strains. 
2) A-8 strain gages with a resistance of 1 20!0.3 ohms 
+ and a gage factor of 1. 7 3- 2% were used for s tee 1 
reinforcement bars (Figure 3.11 ) .  
The strain gages were installed following manufacturer ' s 
recommendations. First, the reinforcement deformati ans were abraded 
With a disc sander and then filed .smooth. Care .was taken to avoid 
reducing the cross sectional area of the reinforcement during 
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. F igu re 3 . 1 1 Strain gages . 
F i gure 3 . 12 Gl ued strai n gages at
 the pol i s hed 
poi nts . 
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Next acetone was used for preliminary surface cl eaning , and then a 
conditioner was applied via some pieces of gauze . The strain gages 
were then ready to be bonded to the reba rs . The s tee 1 strain gages 
were gl ued at the polished points ( Figure 3.12} and l eft for 24 hours , 
then covered with a special material SR-4 Carrier E to prevent 
moisture from penetrating the strain gages . -Wax was used to seal and 
protect this carrier and the strain gages from any damage or moisture 
seepage (Figure 3 . 13 } . 
Special stranded No . 22 wires were soldered to the strain gage 
leads. Figure 3 . 14 shows a simplified example of the wiring from the 
digital strain indicator to a strain gage . 
3.1 . 6  Steel Fibers 
Provided by Bekaert Steel Wire Corporation - ,  the fibers came in 
bundles of 25 that were added during mixing of concrete . The fibers 
were rel eased from each other and distributed uniformly throughout the 
concrete mix when the water sol ubl e glue that hel d the bundl es 
together dissol ved in the water . 
Hooked end steel fibers were used to provide anchorage in the 
concrete ( Figures 3 . 15 and 3 .16) . Those fibers had an aspect ratio of 
100 (Ls/d5 } ,  with a length ' Ls ' of 2 in. and diameter ' d 5 ' of 0 . 02 in. 
3.1.7 Beam Preparation 
After a period of 48 hours , cylinders and beams were stripped 










Figure 3 . 14 
Channels on each terminal 




Fi gure 3 .  15 Ste-e 1 fibers . 
Figure 3 . 16 Steel fiber l ength . 
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cemen t .  Al l the • beams were c a refu l l y  ha ndl ed  to avo i d  a ny c ra c k  
devel opmen t .  
The beams were then p l  aced i n  the tes ti n g  frame whe re the 
s u pports had  been l evel ed ( see Secti on 3 . 2 . 1  fo r mo re on the tes t i n g  
frame) . 
After the · concre te s u rface wa s scra ped and  smoothed , t he 
A- 1-S6 concrete s tra i n gages  were attac hed 24 h o u rs befo re a ny 
tes t i ng . Al l con nect i n g wi re s were so l de red to the s tra i n gages  and  
connected to the  a u tomat i c s tra i n ana l yze r .  Each  s pec i men  was tes ted 
i ndi v i dua l l y .  The beam - was s upported d i rectl y on the pl a n e  bear i n g  
pl a te wh i ch wa s wel ded t o  t h e  ma i n  dapped-end reba rs a n d  embedded i n  
the concrete , a n d  another bear i n g· p l a te under the bot tom o f  the beam , 
l ocated at  a d i s tance o f  4- 1/4  ft . Free ro l l e rs were pl aced between 
these beari ng  p l a tes  and h i gh s tren gth s teel p l a tforms , thus e l i mi ­
nati n g  any hor i zon ta l  re s t ra i n t  that may a ri se from beam deforma t i ons . 
'rhe verti  ca 1 1 oa d was to be app l i ed on  a s teel pl atfo rm that  has  a 
co ncave seat  tha t wi l l  a l l ow the po i nt hea d of the j ac k  to f i t 
un i forml y .  Al l the p l ates  u sed were 4 i n .  l on g  5 i n .  wi de wh i ch i s  
the wi dth of the beam and  1 / 2  i n . th i ck ( F i gure 3 . 17) . Whe re the 
stee l p l a tes  came i n to con tact  wi th the con crete s urfaces , h i gh 
strength den ta l p l a s ter of  pari s o r  gyps um wa s appl i ed to ens ure 
r- -- ------
un i form beari n gs . Few k i ps  o f  1 oad was app  1 i ed to s queeze out  the 
exces s gyps um before i t  h a rdened on the bear i n g  p l  ates . Cyl i ndri  cal  
bra s s- s tuds  ( 3/8  x 3/8  i n . ) w i th centri c con i cal  ho 1 es , were . used fo r 
crack  mea s u remen ts on the beams . Super g l ue was used to atta c h  the 
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Figu re 3 . 17 Beam preparation . 
Figure 3 . 18 Location of brass studs . 
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brass studs at 1 in. interva� s 6n straight lines drawn on the beams ' 
cri tical sections at the s ide profile of the step. Figure 3.18 shows 
a good illustration of the brass studs arrangement. The beams were 
marked at the maximum point of deflection, which was determined by 
structural analysis. A dial gage with an accuracy of 1/100 0  of an 
i nch was used to read the actual deflection. 
3. 2 Testi ng Apparatus 
3.2. 1 Loading Frame 
A steel girder frame havi ng a capacity for handling specimens 
up to twenty ft. long, five ft. wide and three ft. deep was used. 
The frame has a maxi mum 1 oad capacity of 120 tons, with a 
maximum end reaction of 6 0  tons (Figure 3.17). 
3.2. 2 Hydraulic Jacks 
A thi tty ton hydraulic jack was used for a concentrated 1 oad 
on the span (Figure 3.17). The jack was connected vi a a high pressure 
hydraulic hose with self-sealing couplers to the loadi�g frame 
outlets. Oil was pumped manually i nto the jack from the main 
hydraulic control console. The jack was calibrated using a Tinius 
01 sen testing machi ne before any testing was done. An accuracy of 
about 0.15% resulted from testing the T in i us Olsen testi ng machi ne 
agai nst a 60, 0 00 lbs. prov i ng ring. The calibrati on chart of_ the jack 
vs. Tinius Olsen testing machine i s  shown in Appendi x D. 
3. 2.3 Hydrau l i c fonso l e 
A l ow and h i gh du al  range hydrau l i c  consol e h av i ng a capac ity 
of 10 ,000 ps i  was u sed. Zero to 2 ,000 ps i  i s  the l ow range with an 
i ncrement of 20 ps i ,  wh i l e  zero to 10 ,000 ps i  i s  the h i gh range with 
an  i ncrement of 100 ps i  as s hown i n  Fi gure 3. 19. 
To rel ea se the l oad from the beam , an a i r pressu re system was 
connected to the hydrau l i c  con'so l e whi ch i s  connected to the bu i l d­
i ng ' s a i r supp ly that h as an a i r pressure of about 120 pounds per 
square i nc h. 
3.2.4 Portabl e D igital Stra i n  I nd i c ator 
A portab l e  e l ectron i c  d i g ital strai n i nd i cator was empl oyed 
for the stra i n  g age read i ngs . It cons i sts of four ma i n parts : 
1 )  A co ntro l l er with a three-way pos it i on mode switch 
and four push button swi tches for manua l  step , reset , 
start and stop. The three sc ann i ng modes are : 
a )  conti nuous s c an mode cycl es the system 
unti l a stop functi on i s  i n iti ated. 
b )  manu al  mode used for i nd i v i dua l  
read i ngs . 
c )  s i ng l e s c an mode eye 1 es through every 
channel and stops after the l ast read i ng has 
been pri nted out . 
. 2 )  A pri nter wh i ch cou l d  be set to pri nt al l the 
stra i n  read i ngs. 
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Figure 3.19 Hydraul ic consol e .  
3) Dig�tal strain indicator which gives strain 
readings directly from the used channel. This u.nit 
also sets the corresponding gage factor. 
4 )  Scanning module unit to which all the strain gage 
wires are hooked. This unit has a channel selection 
button and an adjusting button (Figure 3.20 ). 
3.2.5 Dial Gages 
Two dial gages were used in the beam testing procedure. One 
was used for deflectio_n readings under the beam with an accuracy of 1 
x 10- 3  of an in. (Figure 3 .1 7) . The second was used for crack width 
measurements with an accuracy of 1 x 10- 4  of an in. (Figure 3.21). An 
additional two non-dial gages were used for a double c.heck on the 
crack width measurements. One was a gage with blades that have 
different thicknesses that were inserted into the crack as it widened 
(Figure 3.22) . The second was a plastic card prepared by Construction 
Technology Laboratories (Skokie, IL) that showed different line 
thicknesses to be used as a crack comparator ( Figure 3.2 3). 
3.3 Testing Procedure 
All equipment was checked after the beams were prepared. Zero 
load readings were taken for cracks, _ strain gages and deflections just 
before loading the beams. Load increments of 600 lbs. were used for 
1 cad appl i ca ti on. At each 600 1 bs. , readings . were taken from the 
strain gages for both concrete and steel, deflecti6n , and crack width. 
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Figure 3 . 20 Portabl e digita l  strain indicator . 
) 
Figure 3 . 2 1  Crack width dial gage . 
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Figure 3.22 Crack width measuring device with 
blades. 
' 
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fi�ure 3 . 2 3  Crack comparator . 
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Loa d  was  he 1 d co n s ta nt wh i l e · the mea s urements were recorded , then 
i ncreased manu a l l y , and the s ame s teps  we re fa 1 1  owed u nti l the beam 
fai l ed .  Cra c ks were ma rked a nd the· l oad a t  wh i ch they s t a rted was 
a l so reported . F i na l l y , the  data was tabu l ated . 
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CHAPTER IV  
DESIGN OF BEAMS 
4.1 Concrete M ix  Desi gn 
The Absolute Volumetric Method was used for the concrete mi x 
design . Cubic yards are the bas i s  for calculati on. Depend i ng on the 
volume requi red, all calculations are converted to pounds per cubic  
foot. The calculati ons are as follows : 
Aggregate Absorpti on (from testing ASTM C- 1 27 , 1 28 )  
Fine Aggregate 
Coarse Aggregate 
= 1 .  38% 
- 2. 9 2% 
Speci fic Grav ity (from testi ng ASTM C-1 27 ,  1 28 )  
Fi ne Aggregate 
Coarse Aggregate 
= 2.6 2 
= 2 . 57 
Portland Cement Type I =  3. 15 
Moi sture Content of Aggregates and Known Parameters 




% Fi ne Aggregate 
Ca 1 cul at i ons 
= 2 .5% 
= 3 . 1% 
= 285 1 b/yd3 
= 0.55 
= 45% 
Volume of Water = unit wei ght/unit wei ght of water 
= ( 285 lb/yd3 )/ (6 2.4 lb/ft3 ) = 4.57 ft3/yd3 
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Weight and Volume of Cement: 
C = W/0. 5 5  = 28 5/0. 5 5  = 5 1 8. 1 8  lbs/yd3 
Volume of Cement = weight/[ {sp.gr. ) ( 62. 4 lbs/ft3 ) ]= 5 1 8. 1 8/(3. 1 5x62. 4 )  
= 2. 64 ft3/yd3 
Volume of Aggregate = (27 ft3/yd3 ) - Vwater -Vcement 
= 27 - 4. 57 - 2. 64 = 1 9. 79 ft3/yd3 
Weight of Aggregate = (Vagg) x (62. 4 lbs/ft
3 ) x (sp.gr. of aggregate ) 
x (% aggregate) 
Weight of Fine Agg. = { 1 9. 79 ft3/yd3 )x (62. 40 l bs/ft3 ) x (2. 62 )x(0. 4 5) 
= 1 4 5 5. 94 lbs/yd3 
Wei�ht of Coarse Agg. = (1 9.79 ft3/yd3 )x ( 62. 4 lbs/ft3 ) x(2. 57)x(0. 5 5 )  
·= 1 74 5. 5 3 lbs/yd3 
Moisture Corrections: 
Correction Weight = [moisture content - absorption]. 
x [weight of aggregate/(1 + absorption ) ] 
Fine Correction = [0. 02 5-0. 0 1 38] ( 1 4 5 5. 94/(l+0. 01 3 8 ) ] = +1 6.1 0 lbs/yd3 
Coarse Correction = [0.03 1 -0. 0292] [ 1 74 5. 53/l {-+0. 0292 ) ] = +3. 1 0  lbs/yd3 
Weight lbst:td3 Correction lbs/td3 
Corrected 
Comeonent Weight lbs/ld3 
Cement 5 1 8. 1 8  5 1 8. 1 8  
Water 285.00 - 1 9.20 26 5. 80 
Fine 
· Aggregate 1 4 5 5. 94 +1 6. 1 0  1 472. 04 
Coarse · 
Aggregate 1 74 5. 53 +3. 1 0  1 748. 63 
5 8  
Total Volume of 
each Concrete Mix = volume of 6 main beams ( 5  x 1 0  x 6 0  in) 
+ vol ume of 6 standard cylinders (6 x 1 2  in) 
+ volume of 4 small beams (6 x 6 x 24 in) 
= · { [6 ( 5xl 0x6 0) ]/{ 1 7 28 tn3/ft3) } 
+ { 6xl 2[� (6) 2/ 4] }/{1 7 28 in3/ft3) 
+ [ 4 { 6x6x 24) J/{ 1 7 28 in3/ft3) 
= 1 3. 6  ft3, use 1 5  ft3 
Drum Mixing Capacity = 3. 0  ft3 
The Number of Batches = 1 5  �t3/3ft3 = 5 batches of equal cubic feet . 
Number of Cubic Yards p-er Batch = 3. 0 ft3x ( 1 yd3 / 27ft3) = O . 1 1 1  yd3 






Weight Per Batch (lbs. ) Overall Weight (lbs. ) 
58 87 0 
3 0 4 5 0  
1 6 4  246 0  
1 9 4 291 0 
4. 2 Calculations for Steel Fiber Weights 
Specific Gravity of Steel Fibers = 7. 8 0  
Unit Weight of Fibers = ( sp. gr. ) x (6 2. 4 0 lbs/ft3) 
= 7. 8 0  x 6 2. 4  = 486. 72 lbs/ft3. 
Vo1 ume of each Concrete Batch = 3 ft3 
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6 1  
Weight of Steel Fibers Used in each Batch : 
a) when 0. 8% is used : 
= ( 48 6. 7 2  lb/ft3) x (3 ft3) x (0. 8/100) = 11. 6 8  lbs. 
b) when 1. 2% is used : 
= ( 48 6. 7 2  lb/ft3) x (3 ft3) x (1. 2/100) = 17 � 5 2  lbs. 
Therefore ; the total number of pounds per mix : 








Total Weight = 1 4 6 . 0 lbs. 
4 . 3 Loading System 
The loading system used in this experiment is shown in Figure 
4. 1 where the dapped-end · of each beam was tested by vertical loadir.g 
only. The load was applied at a distance (X) that would cause 
diagonal failures emanating from the re-entrant corners of the beams 
which would be at approximately 4 5° angles from the horizontal. 
1) Load at X 1 = shear span (a ) + the depth (h) above the dap 
+ 1/ 2 the loading plate length 
. ·2) Load at x2 = shear span (a) + the total beam depth (H) + 
1/ 2 the loading plate length 
6 0  
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4.4 Design of Sp�cimens 
The design of a s pecimen could be divided into two parts : the 
design reinforcement for the dapped-end and for the main beam 
specimen. 
All of the specimens have comnon parameters as follows : 
1) Total depth ( H ) = 10 in. 
2 )  Width (b) = 5 in. 
3 )  Dap projection (extended end, lp) 
= 8 in. 
4) Shear s pan (a) = 4-1/ 2 in. 
5 )  All plates 5 X 4 X 1/ 2 in. size 
6 )  Compressive Strength of Concrete f '  
C 
= 419 5  psi (from 
tests) 
7 } Specimen ' s steel ; tension tested to give a yield strength 
shown by Table 3. 2 as follows : 
8 )  
For # 2  bars (f y) = 6 6.2 ksi 
For # 3  bars (f y) = 71. 3 ksi 
For # 4  bars (f y) = 67. 3 k si 
For # 5  bars ( _
f y ) = 6 7 . 5 ks i 
Divided groups _of s pecimens to have 
above the dap (h1) = 4
1 1 
(h 2) = 5
1 1  
depths 
4.4.1 Design of _Reinforcement for Dapped-Ends with h = 4 in. 
A) Provide flexural reinforcement ( A ) 
Assume As
= 2 #3 bars ( area = 0.22 i n2) 
Diameter ( D) = 3/8 = 0.375 in. 
d = h - concrete cover - ( diameter/2) 
d = 4 - 0.5 - 0.375/ 2 
= 3.30 in. 
Vn = ( fy d As) /a 
= ( 71 ,300 X 3.3 x 0.2 2)/4.5 = 11 ,503 lbs. 
B) Provide shear reinforcement ( Ash) 
Assume #2 steel 
Ash
= Vn/fy 
= ll,503/66 , 200 = 0.174 in2 
Use 2 #2 c l osed ties (area = 2 x 0.05 x 2 = 0.20 in2).  
( 2.4 ) 
( 2.8) 
C) Provide shear-friction reinforcement composed of ( A5) and Avb) 
2 As
= Vn / ( 2 . 1  fybh) ( 2.18 ) 
= ( 11.503) 2/ ( 2.1 x 71.3 x 5 x 4 )  = 0.044 in2 < 0.2 2  in2 
Avh 
= vn
2/ (4.2 x fy x b x  h) assume #2 bars 
= ( 11.502) 2/ ( 4.2 X 66.2 X 5 X 4) = 0.024 in2 
Use 1 #2 closed tie ( area = 2 x 0.05 = 0.10 in2) 
D) Provide shear- reinforcement composed of (Avh) and ( Av) 
V n � [Av f y + Avh f y + 2 b· d � f � ]  




4.4. 2 Design of Reinforcement for Main Beams when h = 4 in. and x1 
Load (Pn) is applied at a distance (X1) as illustrated in 
Figure (4. 1). 
(X1) = shear span (a) + depth above dap (h) + 1/2 the loading 
plate length. 
= 4 . 5 + 4 + 2 = 10. 5 in. 
The design of the beams is based on the ultimate strength theory of 
reinforced concrete based on the AC ! Code (318-83): 
For Flexural Steel 
Assume 2 #4 bars (area = 0. 39 in2),  diameter (D) = 4/8 = 1/2 in. 
d = total depth of beam ( H )  - co�crete cover - diameter/2 
= 10 - ( 3/4 } - (1/4) = 9 in. 
Mn = Vn (left) x (X1) (See Figure 4. 2) 
= (11. 503 X 1 0. 5)/12 = 10. 07 k-ft. 
p = As/bd = 0. 39/( 5 x 9) = 0. 0087 
P min 
= 200/fy = 20 0/ 67 , 300  = 0. 00 30 < 0. 0 087 
Stress Block Depth: 
a = ( As f y ) / ( 0 . 8 5 f � b ) 
= ( 0 . 3 9 x 6 7 , 3 00 ) / ( 0 • 8 5 x419 5 x 5 ) = 1 .  4 7 i n . 
Mn = (As fy ) (d - a/2) 
= { [0. 39 x 6 7, 300] [9  - (l. 47/2)] }/12 
= 18. 08 k-ft > 1 0. 07 k-ft. 
2 #4 bars are satisfactory. 
64 
.., s · 
-=--�  
�/ / I ...,..lm:lllil!__,.. I ... - - -- � - - - - - - - - - - - - - --
/ 
SI ' 
Figure 4.2 Shear and moment diagrams due to appl ied load. 
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For Shear Reinforcement 
Ve = 2 � bw d 
= [ 2(\[4'i""9s) X 5 X 9]/1000 = 5. 83 k 
Vs
= V - V n C 
= 11.50 - 5. 83 = 5 . 6 7  k 
Choose #2 stirrups, utilizing the 2 branches. 
Av = 2 x 0. 05 = 0. 10 in2 
�pacing S = [ (Av)fyd]/Vs = (0. 10 x 6 6. 2 x 9)/5. 6 7  
= 10.5  in 
Maximum S = d/2 = 9/2 = 4. 5 in. 
or S (max) 
= (Av) (fy) /50· bw 
= (0. 10 x 6 6, 200)/ (50 x 5) = 2 6. 5 in. 
Use # 2 stirrups spaced at 4 in. apart -for the entire length of the 
beam. 
Total No. of stirrups = lZ stirrups. 
Calculation of load (Pn) 
As illustrated by Figure 4. 2 : 
Take moment at Right Reaction 
[Pn x {51 - x 1 ) J - [ Vn (left) {51 )] = o � o 
pn 
= [ Vn (left) x 51 ]/ (51-Xl) = (11. 50 3  x 51) (51-10.5) 
= 1 4. 5  k 
4. 4. 3 Design of Reinforcement for Dapped Ends with h = 5 in. 
A) Provide Flexural reinforcement (A5) 
Assume As
= 2 # 3  bars (area � 0. 22 in2) 
d = 5 - q.5 - (0. 375/2 ) = 4. 3 in. 
Vn = (71, 300 x 4. 3 x 0. 22)/ 4. 5  = 1 4, 989 lbs. 
6 6  
B) Provide shear · reinforcement (Ash) 
Assume # 2 steel. 
Ash
= 14,989/ 6 6, 2 0 0  = 0. 22 6 in2 
Use 2 #2 closed ties (area = 2 x 0. 0 5  x 2 = 0. 2 0 in2) 
C) Provide shear-friction reinforcement composed of (A5)' and (Ayh) 
As
= (14. 989) 2/(2. 1  x 71. 3 x 5 x 5) = 0. 0 6 0 in2 < 0. 22 in2 
Avh 
= ( 14. 989) 2/ (4. 2 x 6 6. 2 x 5 x 5) = 0. 0 32 in2 
Use 1 # 2  closed tie (area = 2 x 0. 0 5  = 0. 1 0  in2 ) 
4. 4. 4 Design of Reinforcement for Main Beams when h = 5 in. and x1 
For Flexural Steel 
(X
1
) = 4. 5 + 5 + 2 = 11. 5 in. 
d = 1 0  - 0. 7 5  - 0. 5 = 9 in. 
Mn
= Vn(left } x (X 1 } = [(1 4. 989xll . 5) ]/12 = 14. 3 6 k-ft. (See 
Figure 4. 2 ) 
Assume 2 #4 bars (area = 0. 39 in2) 
p = 0. 39/( 5 x 9) = 0. 0 087 > 0. 0 0 30  min. 
Stress Block Depth: 
a :  1. 47 in. 
Mn
= 1 8. 08 k-ft > 14. 3 6 k-ft. 
2 #4 bars are satisfactory. 
For Shear Reinforcement 
Ve = 5. 8 3  k 
V = V - V = 14. 989 - 5. 8 3  = 8. 5 3  k S n C 
Choose #2 stirrups. Av = 0. 1 0  in2 
S = ( 0. 1 0  x 6 6. 2 x 9)/8. 5 3  = 6. 98 in. , Maximum S = 4. 5 in. 
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Use #2 stirrups . spaced at 4 in. apart for the entire 1 ength of the 
beam. Hence ; total no. of stirrups = 12 stirrups. 
Calculation of load (Pn) 
pn 
= [Vn (left) x 5 1 ]/( 51 - x , ) 
= (14. 989x 51)/ ( 51-ll.5 ) = 19.4 k 
4.4.5 Design of Reinforcement for Main Beams when h = 5 in and x
2 
Load (Pn) is applied at a distance (X2) as illustrated in 
Figure (4.1). 
For Flexural Steel 
(X
2
) = 4.5 + 10- + 2 = 16.5 in . 
. d = 9 in. 
Mn
= 
vn (lef; ) x (X 2) 
= (14.989 x 16.5)/1 2 = 20.6  k-ft. 
Assume 2 # 5  bars (area = 0.61 in2) 
p = 0.61/ ( 5 x 9) = 0.01 36 > 0.00 30 min 
Stress Block Depth: 
a = (0.61 x 67, 500)/(0.8 5  x 4195 x 5) = 2.31 in. 
Mn
= [(0.61 X 67, 500) (9 - 2.31 /2)]/12 
= 26.92 k-ft > 20.6 k-ft. 
2 # 5  bars are satisfactory. 
For Shear Reinforcement 
Same as for the reinforcement of main beam when h= 5 in. and x1. 
Calculation of load (P0) 
Pn 
= (14.989 x 51)/( 51 - 16.5) = 2 2.2 k 
-Summary of calculated loads (Pn) and dapped-end reactions (Vn) 
are shown in Table 4.1. 
6 8  
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TABLE 4. 1 
CALCULATED . LOADS (Pn ) AND OAPPED- END REACTIONS (Vn ) 
Depth Calculated 
above Calculated Dapped- End 
the dap Location Load (Pn ) Reactions (Vn) *Group No. (h ) in. (X ) in. kips kips 
G 1,2 5 X = 1 11.5 19. 4 1 4. 9  
G 3, 4 4 X = 1 1 0. 5  1 4. 5  1 1. 5 
G 5 5 X -2 - 1 6. 5 22.2 1 4. 9  
*refer to Table 3. 1 
4. 5 Deflection 
A rigid body moves s 1 i ghtl y when it is subjected to 1 oad or 
strained due to any other reason such as change in temperature , 
shrinkage or creep of the material of construction. 
The displacements of various points from their original 
positions are called deflections. In broader sense , deflections 
comprise linear displacement as well as angular rotations. 
Resistance of a structural element to deflection is termed 
stiffness. Stiffness of a structure is of no less importance than its 
strength. This is because an excessive deflection of a structure may 
impair its proper function. For example , excessive deflection of 
floor beams may cause cracking of the plaster and produce drainage 
problems and excessive deflection of a frame in a building may damage 
the exterior curtain walls and interior partitions. 
Not only is a knowledge of the deflections important for 
reasons as those mentioned above , but also because it forms the basis 
of the analysis of statically indeterminate structures. 
There are several methods for computing deflections. Of these 
methods , the following are the most useful and widely used : 
1 )  The double integration method. 
2 )  The moment-area method. 
· 3 ) The elastic-load method. 
4 )  The conjugate beam method. 
5 )  The method of virtual work. 
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Some of the methods are only sui table to calculate one parti ­
cular deflecti on component at an i ndi vi dual poi nt, while others may be 
used to calculate deflecti ons at several poi nts s i multaneous l y. 
Bas ic  relati ons deri ved for the slope and the deflecti on of 
pri smati c beams i n  whi ch the moment of i nertia i s  constant for all the 
sect ions along the beam length are : 
0 = ( 1/EI ) J Mdx ( 4 .  1 )  
· 6 = ( 1/EI ) J x· Mdx ( 4. 2 ) 
Th i s  means that the slope i s  represented by the area of the bending 
moment di agram (B. M. D. )  and the deflection by the moment of thi s area, 
each d iv ided by EI. If however, I i s  not constant the expres s i ons 
above for the slope and the deflecti on become : 
( 4. 3 )  
( 4 . 4 ) 
Here I i s  a reference moment of inerti a which i s  arbi trari l y  chosen r 
but usual ly taken equal to ei ther the smallest or the largest value of 
the moment of i nerti a along the beam. 
Therefore, Equations ( 4 . 3 )  and ( 4 . 4 )  may b.e appli ed to beams 
of vari able moment of i nerti a as in thi s  case of dapped-end beam 
provi ded that the bendi ng ri gi d ity cons i dered i s  E lr, and that i nstead 
of u s i ng the bend i ng moment d i agram ( B.M . D.) anoth er d i agram formed by 
di v i di ng the ordi nates of the B.M . D. by the correspondi ng moment of 
i nerti a and mul ti plyi ng al l by I r i s  used . The di agram so formed i s  
cal l ed the modi fied B . M . D . , Fi gure 4 . 3 . 
4 . 5 . 1  cal cul ati ons of Defl ecti on for Dapped-End Beams wi th h=S and x
1 
The B .M.D . u�er the gi ven case of l oadi ng i s  shown i n  Fi gure 
4 . 3a .  Taki ng the smal l er val ue of the moment of i nerti a as I r , the 
modi fi ed B . M.D. wi l l  be as shown i n  F i gure 4 . 3b .  Us i ng the Moment 
Area Method , the maximum defl ection i s  equal to the tangenti al dev i a ­
ti on of poi nt O from a tangent at  po i nt 2 .  For the purpose of 
cal cul ati ons , the modi fi ed B .M . D .  i s  di v i ded i nto regu l ar parts as 
s hown i n  Fi gure 4 . 3b. Thus ; 
Left reacti on ( Rl eft ) = ( P ) ( b ) /L = (P x 39 . 5 ) /51  = 0 . 77 P 
Ri ght reaction  ( Rri ght ) = (P) ( X1 ) /L = ( P  x 1 1 . 5 ) /5 1 = 0.23 � 
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( I ) Genera l Cal cul ati ons of Defl ecti on Usi ng Igross  { I )  a nd ! reduced { Ir ) : 
(Mmax ) = [ ( P ) ( b ) /L] 
. ( X 1 ) = 0 . 77 P x 11 . 5  = 8.9 1  P ( l b - i n ) 
Reduced moment of i nerti a ( I r)• ( b ) ( h
3 ) / 12• ( 5x53 ) / 1 2=52 . 1  i n4 
Moment of i nerti a ( I } • ( b ) ( h3 ) /12 • ( 5  x 103 ) / 12 • 4 16.7 i n4 
Rati o of moment of i nerti as ( l/ 1 r) = 416 . 7/ 52 . 1 = 8 
Cal cul ate the ordi nates of the modi fi ed B.M.D . 
Moment at 4 . 5  i n. from l eft reacti on 
[M (at 4.Si n . ) ] = R ( l eft )x4.5 " = [ (P} ( b }/L)x4 . 5=0.77Px4.5=3.50P 
For modi fi cati on ( Mma x) / ( I / Ir ) • (8 . 9 1  P)/8 = 1 . 1 1 P 
Al so (Mat 4: 5 i n ) / ( I / I r ) = ( 3 . 5  P)/8 = 0.44 P 
h•i 
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Fi gure 4. 3 Oapped-end beam sketcb., showing : (a) B. M. O. , 
(b) modifi ed B. M. D. , and (c) deflecti on di agram 
(6. 0. ). 
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As shown in Figure 4. 3b, the modified B .M. D. is divided into regular 
parts in order to be able to calculate the area of the diagram that 
would be considered as loads, therefore: 
Load ( 1 )  = 3.5 p X 4.5 X 0.5 = 7.9 p 
Load ( 2 ) = 0 .44 p X 7 = 3.08 p 
Load (3 ) = ( 1.11 P - 0.44 P )  x 7 x 0.5 = 2.3 5 P 
Load ( 4 )  = 1 . 1 1 p X 39 . 5  X 0.5 = 2 1 . 92 p 
Now calculate the reactions according to the previously calculated 
loads ( 1 ) , (2) , ( 3 )  and ( 4 ) . Thus ; taking moment at the left joint 
EMleft joint
= O.O 
[ (7.9 p X 4.5 x · (2/3 ) ] 
+ [3 . 08 p X (4.5 + 3 . 5 ) ]  
+ {2 . 35 p X {4 . 5  + [ 7 X (2/3 ) ] } }  
+ { 2 1 .92 p X { (1 1 .5) + [(1 /3) X 39.5] } }  
- [R ( right) x 5 1 ] = 0.0 
R (right ) = 1 1 .97 P 
Sum of the forces in the vertical direction yields 
EFY = 0.0 = 7.9 P + 3.08 P + 2.3 5 P + 21.92 P - 11.97  
P 
· · · = 23.26 P = R (left ) 
Max deflection is at zero shear point Q. From Figure 4.3b, calculate Q: 
[( 1.1 1  P )/bJ x [X] x [ 0.5 X] = 1 1.9 7  P 
0.01 4  x2 = 1 1.97 + X = 29.2 " (for max deflection ) or (location of 
zero shear point) 
( 1. 11 P)/39.5 = Q/29.2 + Q = 0.8179 P � 0.82 P 
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Therefore, the maximum deflection can be calculated as the 
maximum moment of all forces at the zero shear point. It could be 
calculated from both sides of the modified B. M. D. _ 
From the Right Side 
6max = {l/Ec lr} { [ll.97 P x 29. 2]
 
- { [ 0. 8 2 p X 29. 2 X 0. 5] X [ 29. 2 X (1/3 ) ] } }  
= ( 233P)/(Ecir) 
= 4._ 47 3P/Ec 
From the Left Side 
6max = { 1 / Ec lr} { [ 23. 26 P x 21 .8] 
- { 7. 9  p X { 1 7. 3  + [ { 1 /3) X 4. 5] } } 
- [ 3. 08 p X 1 3. 8] 
- { 2. 35 p X { 1 0. 3  + [(1 /3) X 7] } }  
- { (1 .1 1 P - 0.8 2 P)x [l 0. 3 X (1 / 2)] X [ { 2/3 } X 1 0. 3] }  
- ( 0. 8 2 p X 1 0.3 X 1 0.3  X 0. 5) 
= ( 233P) /Eclr 
= 4. 47 3P/Ec 
For convenience the deflection can be calculated from right or left of 
beam reactions using the following equations : 
Deflection from Section 3 to Section 2 as shown by the sketch 
in Figure 4. 3 
6(J- 2) = { 1 /Ec lr} { [(1 1 .97 P) x (X)] 
- [(1 . 1 1  P/39. s) · c x) · (x) · (o. 5) · (1 /J x)J l  ( 4. 4) 
( 
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Deflection from Section 2 to Section 1.  
6 (2-1 ) 
= [6 ( 3-2 ) for 39. 5 1 1 ] 
+ [ (-2 1 . 92 P + 1 1 . 8 7 P ) x (X ' ) ] 
� [ ( 1 .1 1 P ) (X ' ) (X ' ) (0.5 ) ] 
+ [ ( 1.1 1 P-0.4 4 P ) (l/ 7) (X ' ) (X ' ) (0. 5) (1 / 3 ) (X ' ) ] ( 4. 5 ) 
Equations ( 4.4 ) and ( 4. 5 ) can be modified to Equations ( 4. 6) and ( 4.7) 
as follows: 
62 -1 
= { 1  / Ec Ir} { [ 6 ( 3-2 ) for 3 9 . 5 " ] - [ 1 0-. O 5 3 4  P X ' J 
- [ (0. 5 5  P ) { X 1 2) J  + [ (0.0 1 6 P) (x • 3) J }  
( I I )  Calculations of Deflection at Initial Cracking Loads Using 
Igross (I) and 1cracked reduced (Icrr ) 
Reduced Cracked Moment of Inertia is calculated as follows : 
As
= 2 # 3  (area = 0.2 2  in2) ,  d = 4.31 in. , b = 5 in. 
modular ratio n = Es/Ec 
= (2 9, 000, 000) / ( 4, 02 6, 1 2 6) = 7.2 � u�e 7 .  
,-f- b(Kd/2 )
2 - nAs (d-Kd) 
= 0 
5 [ ( 4. 31 K )/2] 2 - [ ( 7) (0. 2 2) ( 4. 31 - 4.31 K ) ] = 0 
2 3. 3 3  K2 + 6. 6 4  K - 6. 6 4  =· 0 
K2 + 0.29 K - 0. 29 = 0 
(-0. 29) ! { (0.29) 2 - [ ( 4 ) ( 1 ) (-0.2 9) ] } 1 '21 ( 2 ) ( 1 )  
K = 0.41 
Kd = (0.41 ) ( 4. 31 ) = 1 . 7 7 in. 
( 4. 6) 
( 4. 7) 
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!err
= L (b/3) (Kd) 3 ] + [(n ) (As ) (d-Kd )
2 ] 
!err
= [(5/3)( 1 . 77) 3] + [(7) (0. 2 2) (4. 3 1 - 1 . 77) 2 ] 
= 1 9. 2 in� 
(Mmax) 
= [(P)(b)/L ] . (X1) 
= 0. 77 P x 11.5 = 8. 91 P (lb-in) 
Moment of i nerti a (I) = (b)(h3)/12 = (5 x 103)/12 = 416.7  i n4 
Rati o of moment of i nertias (I/Icrr) 
= 416.7/1 9. 2 = 2 1 . 7  � 2 2  
Calcul ate the ordinates of the mod if ied B. M. D. 
Moment at 4. 5  i n. from left reacti on 
[M
( a t  4.5 i n. ) J = R(left) x4.5 " 
= [ (P) (b ) /L]x4.5=0. 77Px4.5=3. 5 0P 
For mod i fi cati on (Mmax)/ (I/Icrr ) = 8. 91 P )/2 2  
= 0. 41 P 
Also (Mat 4 _ 5 i n)/(I/Icrr) 
= (3. 5  P )/22 =- 0. 1 6  P 
As shown i n  Figure 4. 3b ,  the modified B.M. D. is divided into regul ar 
parts in order to be able to calculate the area of the diagram that 
woul d be cons idered as loads , therefore: 
Load (1) = 3.5  P x 4.5 x 0.5 = 7. 9 P 
Load (2) = 0. 1 6  P x 7 = 1 . 1 2 P 
Load (3) = (0. 41 P - 0. 1 6  P) x 7 x 0.5 = 0. 88 P 
Load (4) = 0. 4 1 P x 39.5 x 0.5 = 8. 09 P 
Now calcu,. ate ttre reacti ons according · ·to the previously cal culated 
l oads (1) , (2) , (3) and (4) .  Thus ; taki ng moment at the l eft joi nt 
rMleft joint
= O. O 
[ ( 7 . 9  p X 4 .5 X (2/3 ) ] 
+ [ 1 . 12 p X (4 . 5 + 3 . 5 ) ]  
+ { 0 . 88 p X {4 . 5  + [7 X ( 2/3 ) ] } }  
· + {8 . 09 p X { { 1 1 . 5 )  + [ ( 1 /3 )  X 39 . 5 ] } }  
- [ R ( right) x 51 ] = 0. 0 
R (right) 
= 4. 7 1  p 
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Sum of the forces i n  t he vert i cal di rect ion y ields 
EF
Y = 0.0 = 7 . 9  P + l . 1 2 P + 0 . 88 P + 8 . 09 P - 4 . 7 1  P 
= 1 3.28 P = R (left ) 
Max deflect i on i s  at zero shear poi nt Q .  From F i gure 4 . 3b ,  calculate 
Q: 
[ ( 0 . 41 P ) /b] x [ X] x [ 0 . 5  X ]  = 4 . 7 1 P 
0.0005 x2 = 4 . 7 1  + X = 30 . 1 "  (for max deflect i on )  or ( locati on of 
zero shear po i nt ) 
( 0 . 41 P ) /39 . 5  = Q/3 0 . l  + Q = 0.31 24 P � 0 . 3 1 P 
Therefore , t he maxi mum deflect i on can be calculated as the 
maxi mum moment of all forces at the zero shear poi nt . It could be 
calculated from both s i des of the modi fied B . M . D .  To si mplify : 
F rom the Right S ide 
6max = {l/Ec icrr } { [4 . 7 1  P - x 30 . lJ 
- { [ 0.31  P X  30. 1  X 0.5 ] X [30 . 1 X (l/3 ) ] } }  
= ( 95 P ) / (Ec l crr ) 
= (4 . 95 P)/Ec 
I I I. Calculati ons of Deflect i on at Ulti mate Load Us ing !effect i ve 
( le ) and 1effect i ve reduced ( Ier ) 
Reduced Effect i ve Moment of Inert ia i s  calculated as follows : - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
reduced cracked moment (Mcrr ) = (fr ) ( I r ) / Yt 
= [ ( 496 ) (52. l ) ]/ [ ( 5/2) ( 1 000 ) ]= 1 0 . 34 k - i n  
reduced actual moment ( Mar ) i s  calculated from Sect i on 4 . 5.2 , page 82 
at Q = 6 . 47 P of the B . M . D .  where ( Mar ) i s  equal to the moment at 
maximum deflect ion poi nt . 
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Thus (Mar )
= 6.47 P 
Assume P = 0.6 Pu
= (Mar )
= (6.47 ) (0.6 Pu) 
= 3.88 P k-in u --
[ (Mcrr )/ (Mar ) J
3 = ( 1 0.34/3.88 Pu )
3 
= l 8.93/ (Pu )
3 
Therefore ( !er )
= [ (Mcrr )/ (Mar ) J
3 (Ir ) + { {l-[ (Mcr )/ (Mar ) ]
3 } (Icrr } }  
= [ 1 8.93/(P  ) 3] (52.1 ) + { { l-[ 1 8.93/ (P ) 3] } (1 9.2 ) } u u 
= [ 986.3/(P ) 3] - [3 63.5/(P ) 3 ] + 1 9.2 u u 
= [ 622.8/(Pu )
3J + 1 9.2 
Effective Moment of Inertia for the full d�th (H=lO in.) is 
calculated as follows : - - - - - - - - - - -
Cracked Moment (Mer ) : (fr) (I )/Yt 
= [ (496 ) (41 6.7 ) ]/[ (1 0/2 ) (1 000 ) ] = 41.34 k-in. 
(Ma ) = 3.88 Pu k-in. 
[ (Mcr )/(Ma ) J
3 = (41 .34/3.99 Pu )
3 = 1 209.5/(Pu )
3 
where ( le )
= [ (Mcr)/(Ma ) J
3 ( r ) + { { 1 - [ (Mcr )/ (Ma ) ]
3 } (Icr ) }  
Using the same procedure as shown on page 76, the cracked 
Moment of Inertia for the full depth (H=lO in.) ., is calculated when 
given As = 2 #4 (area
= 0.40 in� ), d = 9 in., n = 7, b = 5 in. Thus K 
= 0.39, Kd = 3.51 in., ( lcr ) 
= 1 56.5 in� 
Therefore 
(Ie ) 
= [ 1 209.5/(Pu )
3 ] (41 6.7 )  + { {l-[ 1 209.5/ (Pu )
3] } ( 1 56.5 ) } 
= [ 3 1 5, 31 6.7/ (Pu )
3 ] + 1 56.5 
Ratio of Moment of Inertias (Ie/Ier ) 
= 
{ [3 1 5, 3 1 6.7/ (P ) 3]+1 56.5 }/ { [ 622.8/ (P ) 3 ]+1 9.2} u u 
For Beam No. B l, Pu
= 1 2.78 K 
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Thus (Ie/Ier) 
= ( 307.6/1 9.5) = 1 5.8 � 1 6  
(M
max
) = [ (P) (b)/L] . (X1) 
= 0.77 P x 11.5 = 8.91 P (lb-in) 
Calculate the ordinates of the modified B.M.D. 
Moment at 4.5 in. from left reaction 
[M
( at  4. 5in. ) ] 
= R (left)x4.5 " 
= [ ( P) (b)/L Jx4.5 =0.77Px4.5 = 3.50P  
For modification (Mmax)/ (Ie/Ier ) 
= (8.91 P)/1 6 = 0.5 6 P 
Also (Mat 4 _ 5 in)/ (Ie/Ier) 
= ( 3.5 P)/1 6 = 0.22 P 
As shown in Figure 4.3b, the modified B.M.D. is divided into regular 
parts in order to be able to calculate the area of the diagram that 
would be considered as load s,  therefore: 
Load (1) = 3.5 P x 4.5 x 0.5 = 7.9 P 
Load (2) = 0.22 P x 7 = 1£4 P 
Load (3) = ( 0.56  P - 0.22 P) x 7 x 0.5 = 1.1 9 P 
Load (4) = 0.5 6 P x 39.5 x 0.5 = 1 1 .06  P 
Now calculate the reactions according to the previously calculated 
loads ( 1 ) , (2) , (3) and ( 4).  Thus ; taking moment at the left joint 
EMleft j oint
= O.O 
[ ( 7. 9  p X 4 . 5 X ( 2/3) ] 
+ Ll.54 P x (4.5 + 3.5) ] 
+ { 1 .1 9  P x {4.5 + L7 x (2/3) ] } }  
+ {1 1 . 06  p X { ( 1 1. 5) + [ ( 1 /3) X 39. 5 ] } }  
- [ R (right) x 5 1 ] = a . a 
R ( right) = 6.27 p 
Sum of the forces in the vertical direction yields 
EFY = 0.0 = 7.9 P + 1 .54 P + 1 .1 9  P + 1 1  .06 P - 6.27 P 
= 1 5.42 P = R ( left) 
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Max defl ection is at zero shear point Q. From Figure 4. 3b, cal cul ate 
Q: 
[ (0. 56 P)/b] x [X] x [0. 5 X]  � 6. 27 P 
0. 007 1  x2 = 6. 27 + X = 29. 7 1 1  (for max defl ection) or ( l ocation of 
zero shear point) 
(0. 5 6  P)/39. 5 = Q/29. 7 + Q = 0. 42 1 6  P � 0. 42 P 
Therefore, the maximum defl ection can be cal cul ated as the 
maximum moment of a l l forces at the zero shear point. It coul d be 
cal culated from both sides of the modified B. M. D. To simpl ify : 
From the Right Side 
6max = { 1 /Ec ier} { [6. 27 P x 2 9. 7 ]  
- { [0. 42 P x 2 9.7 x 0. 5 ]  x L2 9. 7 x (1 /3) ] } } 
= (1 2 4 P)/(Ec ler) 
= ( 6. 383 P)/Ec 
4. 5. 2 Cal cul ation of Defl ection for Beams with Constant Moment of 
Inertia 
(I) General Cal cul ations of Defl ection Using Igross (I).  
Using Moment Area Method Figure ( 4. 4) , the maximum defl ection 
is cal cul ated as fol l ows: 
Load ( 1 ) = 8. 91 P x 1 1  . 5  x 0. 5 = 5 1 . 23 P 
Load (2 ) = 8. 91 P x 39. 5 x 0. 5 = 1 7 5. 97 P 
rM ( l eft } = a . a 
= { [5 1 .23 p X (2/3 )  X 1 1 . 5 ]  
+ { 1 75.97 p X [ ( 1 /3 X 39.5 ) + 1 1 . 5 ] } 




1 1 -5 I 
. I 
Figure 4.4 Undapped-end beam sketch , showing : 
and (b) deflection diagram (�.D. ). 
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., 
( a ) B . M . D . , 
R l right) = 92. 81 _ P 
R (left) � 5 1 .-23 P + 1 7 5. 97 P -92. 81  P = 1 34. 39 P 
{ [ { 8. 91 P)/b] { X) (0. 5) (X) = 92. 81 P + X = 28. 69" 
Amax = { 1 /EcI }  { l92. 81 P x 28. 69] 
- [ ( 6.47 p X 28.69 X 5 )  X ( 1 /3 )  X 28.69 ] } 
= (1 7 74.98 P)/Ec ig 
or 
= (4. 26 P)/Ec 
Chec k Amax = { l / Ec I } { [ l 34 .39 P x 22.3 1 J 
- { 5 1 .23 P _ x [ (1 /3 x 1 1 .5 )  + 1 0.81 ) ] }  
- [6.47 P X 1 0 .81 X 1 /2 X 1 0 .8 1 ] 
- [ (8 .9 1  P - 6.47 P )  X 0.5 X 1 0 .8 1  X 2/3 X 1 0 .8 1 ] }  
= (1 7 74. 98 P)/Ec l 
= {4.26 P)/Ec 
(II) Calculations of Delfection Using !effective · 
For Beam No. Bl, Pu = 1 2. 7 8  K. 
Thus (Ie) � [31 5, 31 6. 7/(Pu)
3 J + 1 56 . 5 (Page 79) 
= 307.6 in� 
NOTE: This (Ie) value is for the assumed service load at (0.6 Pu) .  
Amax = { 1 /Ec le} { [92. 81  P x 28. 69J 
- [ ( 6.47 p X 28.69 X 5 )  X ( 1 /3 )  X 28 .69J } 
= (1 77 4.98 P)/Ec le 
= ( 5. 7 7  P)/Ec 
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Summary of calculated max deflection equations and their 
locations for the designed dapped-end beams of this research are shown 
in Table 4.2. 
8 4  
Depth 
above Load 
Group the dap Location 
No .  ( h )  i n .  (X ) i n .  
G 1 ,2 5 · x1-u . 5  
G 3 ,4 4 X 1■ 10 . 5  
G 5 5 X2•16 . 5 
TABLE 4 . 2  CALCULATED HAXIMllt DEfLECTIO� EQUATIONS AND THE IR  LOCATIONS 
Location of max deflection fr011 Val ue of Maxi111Um 
the right s ide lRri ght) defl e
ction 
{ X • i n . )  Amn ( i n . )  
For Vari abl e Inertias for Constant Inert1c  For Vari ab l e  Ineri tas for Constant Inerti a 
( I/ I r ) ( I/ lcrr> ( I/er> (1/ 1 )  (Iel le ) ( I/ Ir }  ( l/ lcrr> { le l 1er > ( 1 / 1 )  Oef le) 
29 . 2  30 . 1  29 . 7  28 . 7  28 . 7 4 . 473P/Ec 4 .950P/Ec 6 . 383P/Ec 4 . 26P/Ec 5 .  77P/Ec 
30 .0 30 . 9  30 . 5  28 .8 28 . 8  4 . 428P/Ec 4 .899P/Ec 6 . 319P/Ec 3 . 94P/Ec 5 . 34P/Ec 





5 . 1  Compres s i ve S trength 
The s trength of re i nforced conc rete depends ma i nl y  o n  the 
wa ter-cement rat i o  and cur i ng cond i ti on . I ts abi l i ty to ta ke tens i l e  
strength i s  much l ower than i ts compress i ve strength . Tes ti ng 
standard s i ze cyl i nders wi l l  determi ne the compres s i ve s trength of 
concrete . S i x-by-twel ve i nch cyl i nders were l oaded i n  s pec i a l l oad i ng 
machi nes wi th a s pee i f  i ed load i ng ra_te . The 28-day compress i ve  
strength of concrete ranges from about 2 ,500 ps i to  as  h i gh a s  14 ,000 
ps i . Normal l y  the s trength ranges from 3 ,000 to 7 ,000 psi . 
For ord i nary appl i cati ons , 3000 to 5000 ps i concrete i s  
used . I n  th i s  research , the s trength of fi brous  concrete wi th 
d i fferent percentages of s tee 1 fi bers was compared to that of p 1 a i n  
concrete . 
Tab 1 e 5 . 1  s hows the resu 1 ts . of the cyl i nders ' compres s i ve 
s trengths . 
5 . 2  Modu l us of El as t i c i ty 
Sti ffnes s  or res i s tance of materi a l s to deformat ion  i s  
· measured by the Mod u l us o f  El a s ti c i ty .  Stress i s  not propo rti ona l  to 
stra i n· .i n any hetrogeneous materi al , such as concrete ; therefore , a 
curved l i ne represents the stress -stra i n  rel at i onshi p of the Modu l us  
of El asti c i ty . 
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TABLE 5.1 
Beam- Cyl i nder Cyl i nder S Steel 
No. Group Number Fi ber 
81 ,83 1 C 
2 C 
85 ,86 I 0 .0 
3 C 
83 , 84 4 C --
87 , 89 5 C 
6 C 
811 . B13 I I  0 . 8  
7 C 
B10 ,88 8 C 
B14 , 816 9 C 
10 C 
815 ,818 I I I  1 . 2  
1 1  C 
B17 ,812 12 C 
COMPRESSIVE STRENGTH Of CONCRETE 
Actual 
Actual Average Actual 
Un i t  Uni t f '  
Wei ght  Weight C 







149 45 17 
148 
147 4327 
147 42 11  




151  4067 
Average 
f '  
C 











The value of the Modulus of Elasticity depends on the strength 
and age of concrete, type and size of specimen, rate of loading and 
the properties of the aggregates. 
Various types of concrete Modul us of Elasticity are : 
a) Initial tangent modulus, which is the slope of 
stress-strain diagram at the origin. 
b) Tangent Modulus of Elasticity, which is the slope 
of stress -strain diagram at a given stress (f�).  
c) Secant Modulus of Elasticity, which is the slope 
of stress-stra _in diagram at 1/2 the ultimate com­
pressive stren·gth (f�) .  It is generally used in 
straight line · stress calculations. 
Three groups of cylinders were cast for different steel 
percentages. After completing the hydration process, the cylinders 
were dried and capped with a phosphorus coat to obtain a smooth 
parallel surface on both sides (Figure 5.1). The deformation, or the 
change in the gage lengths , were read by marking a standard 6-inch 
gage lengths on the cylinder ' s sides (Figure 5. 2) .  
The Secant Madu 1 us has been adopted for these research ca 1 -
culations as recommended by the ACI Code. Readings were taken at load 
increments of 5000 lbs. up to 1 40,000 lbs. The calculations to 
determine the Modulus of Elasticity were: 
cr = P/A 
. e: = 6L/L 
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Figure 5.1 Capping of cylinders. 
Figure 5.2 Compressometer to determine modulus 
of el �sti city . 
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where: 
cr = stress (psi) 
P = applied load (lbs) 
A =  cross section area (28. 27 in2 ) 
E = average strain of a cylinder (in/in ) 
�L = deformation (i n )  
L = gage length ( 6  i nches) 
Eca = Actual Secant Modulus of Elasticity (psi ) 
The Secant Modulus of Elasticity specified by Section 8. 5 of 
the ACI Code is as follows: 
where: 
E = wl. 5  33 � 
C \J f c 
Ec = Secant Modulus of Elasticity (psi ) 
w = Unit Weight of Concrete (pcf ) 
f� = compressive strength of concrete ( psi) 
( 5. 1) 
The resulting stress and strain coordinates were plotted to determine 
the stress-strain diagrams for the Modulus of Elasticity (Figures 5.3 
through 5. 8) . · The results of Modul us of Elasticity and the effect· of 
steel fibers are tabulated in Table 5. 2 
5.3 Split Cylinder 
The extent and size of cracking in structures is greatly 
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Figure 5 . 3  Stress vs . strain . 
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Figure 5 . 5  Stress vs . strain . 
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Figure 5 . 7 Stress vs . strain . 
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Figure 5 . 8 Stress vs . strain . 
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3 0  
30 4 0  
TABLE 5 . 2  
Actual 
% Uni t Actual Actual 
Cyl i nder Steel We i ght f '  C 
6 EcaxlO. 
Group No . F i ber ( pcf )  ( ps i )  ( ps i )  
3 C 145 4226 4 . 18 
I 0 . 0  
4 C 146 3925 3 . 86 
5 C 147 4625 3 . 7 1  
I I  0 . 8 
6 C 149 4517 3 . 66 
9 C 151 5394 3 . 70 
I I I  1 . 2  
10 C 150 4456 2 .89 
MODULUS OF ELASTI C I TY OF CONCRETE 






� Dev i ation Dev i ation 
( ps i ) ( Eq . 5 . 1 )  from Code from Code 
3 . 75 +1 1 . 5  
+8 . 7  
3 . 65 +5 . 8  
4 . 00 -7 . 3 
-8 . 3  
4 . 03 -9 . 2  
4 . 50 - 17 . 8  
-23 . 2  





( ps i )  
4 . 02 
3 . 69 




0 . 0% Fi ber -
-8 . 2  
- 17 . 9 
\.0 
.i::,. 
tensil e strength , which ranges from 10 to 15 percent of its compres­
sive strength. The tensil e strength of concrete members has a posi­
tive effect on defl ections ; neverthel ess , it is normal l y negl ected in 
design cal culations. 
The ( ASTM C-78) Spl it Cy linder Test is a procedure used to 
cal cul ate the tensil e strength of concrete . Standard size 6 x 12 (in ) 
cylinders similar to the those used for the Modul us of E lasticity were 
inserted into a compression-testing machine in the hori zonta 1 
position. Pl ywood pads were pl aced between the compression platens of 
the machine and the cyl inders in order to equal ize and distribute a 
uniform pressure al ong the two opposite generatrices ( Figure 5.9) . 
The cylinders were 1 oaded unti 1 fa i1 ure took pl ace , and the resul ts 
incl uding the effect of steel fibers are shown i n  Tabl e  5.3. It  can 
be seen that in an elastic cylinder so l oaded a nearl y uniform tensil e 
stress of magnitude 2P/TIDL exists at right angl es to the pl ane of l oad 
application ( Figure 5.10) . 
Therefore , the tensil e stress is cal cul ated by the previous 
formula : Fct = 2P/TIDL 
where: 
P = applied l oad of fail ure ( l bs) 
D = diameter of cyl inder ( in) 
L = l ength of cylinder (in ) 
The experimental resul ts can be compared to the split-cylinder tensil e 
strength f ct wh i ch had been  found to be proporti onal to � such  tha t  
fct = 6 Jf� to  7 � for normal weight concrete. 
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Figure 5 . 9  Split cylinder test set-up . 
+ f ,. _2P_ c t  rrDL 
Figure 5 . 10 Stresses in split cylinder test . 
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Average 
s Uni t Uni t  
Cyl i nder Age Steel Wei ght Wei ght  f ' 
Group No . ( Days )  Fi ber ( pcf ) (pcf) ( ps i ) 
1 S 145 
I 52 0 . 0  144 4195 
2 S 143 
3 S 146 
I I  46 0 .8 147 4420 
4 S 148 
5 S 149 
I I I  36 1 . 2  150 4540 
5 S 151 
TABLE 5 . 3  SPL IT  CYL I NDER TEST RESULTS 
Actual Actual 
Actual Average Actual Average 
In i ti al I n i ti a l  U lt imate Ul timate AC I CODE 
fcti fcti fctu fctu fct•6 . 7 J'tr  
(psi ) ( ps i ) ( ps i ) (ps i ) (ps i ) ( Eq . 5 . 2 )  
460 460 
473 473 434 
486 486 
5 14 563 
522 576 445 
530 589 
536 601 
547 620 45 1 
558 638 
S Devi ation 
from CODE 
At 1st At 
Crack Ul timate 
+ 9 .0 +9 . 0  
+17 . 3  + 29 . 4  
+2 1 . 3  + 37 . 5  
S I ncrease from 
O . OS f iber 
At 1st At 
Crack Ul ti mate 
--- ---
t-10 . 4 + 21 . 8  
-t 15 . 6  t- 3 1 . 0  
\.0 
-...J 
The AC ! Code Section 9. 5. 2. 3  recomnends an average value of 
where : 
fct � the split-c
ylinder tensile strength (psi) 
f� = 28-day compressive strength {psi) 
5.4  Modulus of Rupture 
( 5. 2 ) 
Concrete maximum tensile stress in bending is the flexural 
strength, which is expressed in tenns of the Modulus of Rupture of 
concrete (fr) .  It is importa�t when considering cracking and de­
flection of reinforced concrete beams. 
The Modulus of Rupture, fr, is computed from the general 
flexural formal f = MC/I. For this research, four 6 x 6 x 24 inch 
beams -were prepared for each mix. Modulus of Rupture was computed via 
a machine, model, S6 beam tester (Figure 5. 11) . Since the beams were 
24 inches long, therefore the 18 inch clear span specification was 
satisfied according to ASTM standards C-78. Direct readings in pounds 
per square inch were recorded from the S6 model testing machine and 
results with the effects of steel fibers are tabulated in Table 5.4. 
The AC I Code, Section 9. 5.2. 3 specifies an average value for 
the Modulus of Rupture 
. ( 5. 3) 
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·- ---------- . -�., 
r 1 gure 5
. 11 �od
u\ us of 
ruµture 
test -
I Uni t  
Beam Age Steel Wei ght 
Group No . ( Days )  F iber (pcf ) 
1 F 142 
2 f 140 
I 54 0 . 0  
3 F 143 
4 F 142 
5 F 147 
6 F 145 
I I  48 0 . 8  
7 F 149 
8 F 148 
9 F 149 
10 F 149 
I I I  38 1 . 2  
1 1  -F 151 
12 F 148 
13 F 144 
TABLE 5 . 4  MODULUS OF  RUPTURE ( fr ) FOR BEAMS (6 x 6 x 24  i n ) 
Actual Actual 
Average Actual Average Actual Average 
Uni t  Ini tial Ini tial Ul t imate U l ti mate AC I CODE 
Wei ght f� I f ri f ri fru fru fr
=7 . 5� 




142 4195 496 496 486 
490 490 
500 500 
I 520 570 ! 
I 6 10 730 
147 4420 i 6 13 710 498 
! 660 800 I 660 740 I ! 
I 679 830 680 85 1 
148 4540 i 732 892 505 
I 720 I 850 770 980 
810 t 950 
I I I 
S Dev i ation 
fro■ CODE 
At 1st At 
Crack Ul timate 
+2 . 1  +2 . 1  
+23 . l  +42 . 6  
+45 . 0  +76 . 6  
S I ncrease from 
O . OS f iber 
At 1st At 
Crack Ul t imate 
-- -
t- 23 . 6 + 43 . l  





f� = 28-day compressive strength, . psi 
5. 5 Load Capacity of the Dapped- End Beams 
The test data of measured shear strengths obtained from this 
research program are shown in Table 5.5. 
5. 5. 1 Ultimate Strength Results V (Actual Testing) 
The highest load attainable Pn registered on the hydraulic 
console load dial was recorded. Performing the equilibrium computa­
tions, the reaction 1 oad at the support was ca 1 cu 1 a ted and ta ken as 
the measured shear strength V (Actual Testing) of the specimen. n 
5.5. 2 Measured Forces Carried by the Different Groups of Reinforce­
ment in the Dapped End 
These forces were measured by taking the strain data and 
multiplying them by the Modulus of Elasticity of steel, which is equal 
to 29, 000  ksi . . Assuming all legs of the stirrups and rebars in each 
different group carried the same stress, the forces then were ca 1 -
culated by multiplying the stress with the steel area provided. These 
forces can be compared wi th the PCI Design formulas to evaluate the 
validity of the truss hypothesis mentioned in section 2. 3. 
Other data shown in Table 5.5 will be appropriately discussed 
lat�r · in Chapter VI. The steel strain data with their plots and the 
cracking patterns are reported in appendices B and C. 
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TABLE 5. 5 TEST DATA OF MEASURED SHEAR STRENGTHS 
n 
I of (Des i gned yn Fl FORCES IN ( KIPS )  
Steel by (Actutl ( PCI Concrete) 
Group Beam Fibers Fl exure) Testi ng )  { Shear Capacity )  F2 {Actual F3 (Actual 
Nud>er Nunt>er ( ps ) { k ips )  \ k ips )  Eq . {6 .6 ) A.,h Capaci ty)  ·A5 Capaci tr)  
Bl  o .o 14 . 9  9 .9 2 . 79 1 . 36 1 1 . 96 
Gl B7 0 .8  ---- 13. 9  2 .87 2 . 13 15 . 64* 
B14 1 . 2  ---- 15 . 5  2 . 9 1  4 . 17 18 . 14* 
B2 0 .0  14 .9  10 .8  2 . 79 - --- 1 1 .81 
G2 B9 o . 8  ---- 1 1 . 8  2 . 87 ---- 15 .43* 
816 1 . 2  ---- 12 . 7 2 . 9 1  - --- 17 . 12* 
85 0.0 1 1 . 5  7 .4  2 . 15 1 . 15 10 .66 
G3 811 0 .8 ---- 9 .8 2 . 20 2 . 38 14 .63 
B15 1 . 2  ---- 1 2 . 2  2 . 23 4 .07 16 .00* 
B6 0 .0 1 1 . 5  6 .3 2 . 15 ---- 8 .98 
813 0 . 8  ---- 9 .0 2 . 20 ---- 13 . 19 
818 1 . 2  ---- 9 .8 2 . 23 ---- 14 .00 
B3 0.0 14 . 9  1 1 .0 2 . 79 3 . 98 9 . 73 
GS 810 0 . 8  ---- 12 . 8  2 . 87 4 . 37 14 .24 
B17 1 . 2  ---- 13 .8 2 .91 5 . 22 16 .00* 
84 0 .0  ---- 2 .8  3 . 24 ---- ----
66 88 0 .8  ---- 3 . 7  3 . 32 ---- ----
812 1 . 2  ---- 4 .3 3 . 37 ---- ----
* • Steel has yielded according to Tabl e  2 . 2 .  
•• • Not the 1111jor fa i l ure mode above reaction pl ate .  
Yn ( at  
Ini tial Cracks 
F4 (Actual fr011 Testi ng ) 
A5h Capac i ty )  { ki ps )  
7 . 75 1 .81 
12 .93 2 . 24 
16 . 84* 2 .67 
12 . 38 1 . 37 
13 . 75* 1 . 81 
16 . 70* 2 . 46 
7 .08 1 . 32 
1 1 .07 1 . 72 
13 . 57* 1 .94 
6 .40 1 . 27 
9 . 14 1 .59 
12 . 72 1 .85 
10 .38 2 . 33 
12 .92 3 .09 
14 . 98* 3 .85 
---- 2 .8 ---- 1 . 72 ---- 2 . 33 
vn (When 
Crack Above 
Pl ate Occurred 
fr011 Testi ng)  
( ki ps )  
9 .9 
8 . 7  
1 1 . 5** 
10 .8  
1 1 . 3  
12 .4** 
7 .4 
7 . 2** 
7 .6** 
6 . 3 
7 . 2** 
6 . 5** 









Occasionally the strain of the reinforcement does not increase 
uniformly with the 1 oad , as it is · affected by the deve 1 o pment of 
cracks . However , yielding of the steel reinforcement can be seen in 
the main flexural dapped -end reinforcement ( As) for specimens B7 , 14 , 
9 ,  16 , 15 and B17 where different percentages of steel fibers were 
present . The stirrups near the re-entrant corner (Ash) also yielded 
for sp.ecimens 814 , 9 ,  16 , 15 and B17 only when the different per­
centages of steel fibers were present . 
5.5 . 3  Cracking Characteristics and Behavior of Test Specimens 
It  was assumed in section 4.3 that cracks originating from the 
re-entrant corners would be the most critical ones for the reinforced 
beams as designed . The first crack shown in Figure 2.1 as crack No . 2 
became visible at a shear equal to approximately 19 percent of the 
actual ultimate shear strength V n . Aligned roughly 45 degrees with 
the hori zonta 1 , this crack has reached one-third the depth of the 
dapped end . As the load continued to increase , the following · observa­
tions were recorded based on the data in Table 5 .6 .  
1. For Specimens with 0 . 0% Steel Fibers : The width 
of crack No. 2, Figure 2. 1 originating from the 
re-entrant corner of the dapped end increased , with 
more cracks of short and fine nature developing around 
that highly stressed corner up until a conspicuous 
diagonal crack ( that can be referred to as crack No . 4 








B 2  
G 2  B9 
Bl6 
85  
G3  811 
81 5 
B6 





PERCENTAGES OF THE REACT I ONS (V ) 







Actua 1 /V n 
Fibers Actual Plate)/Vn Actual Designed 
(p s) % % % 
0.0 18.3 100 66.4 
0.8 16.1 6 2.6 7 2.6 
1.2 17.2 74.2 1 04.0 
0.0 1 2.7 100 7 2.5 
0 .8 1 5.3 9 5.8 79.2 
1.2 1 9.4 97.6 8 5.2 
0.0 17.8 100 64.3 
0.8 17.6 73.5 8 5.2 
1.2 1 5.9 6 2.3 106 .0 
0.0 20.2 100 54.8 
0.8 17.7 80 78.3 
1. 2 18.9 66 . 3 8 5.2 
0.0 21.2 100 7 3.8 
0.8 24.1 67.2 8 5.9 
1.2 27.9 71. 7 9 2.6 
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above the reaction plate in ·the extended-end connect­
ing to the applied l oad plate .  These cracks were the 
major fail ure modes in those specimens , and they were 
c las sified as shear fail ure modes . Tab l es 5 . 5  and 5 . 6  
indicate that the actual reaction V from testing was n 
approximatel y 67 percent of the designed va 1 ue of V n 
by fl exure . This premature fail ure l ed to the un-
yiel ding of a l l the reinforcement provided . The 
actua l  force taken by the Avh s tirrup was very l ow ,  
which meant that the cracks bypassed the s tirrup and 
proceeded uninterrupted to the l oad point . Figures 
5 .12 through · 5 . 17 show the fa i 1 ure modes of each 
speciment with 0 . 0% steel fibers . 
figures , two observations coul d be made : 
Studying the 
A) The fail ure mode for specimens with extended-
end height {h) equal to five i n . is less severe than 
that of specimens with extended-end height of four in . 
B) For the reinforced specimens with (Avh) ,  the 
Actual Vn was higher than that for specimens without 
(Avh) . 
2. For Specimens with O .  8% Steel Fibers : The width 
of crack No . 2 shown in Figure 2.1 originating from 
the re-entrant corner of the dapped end increased as 
the l oad continued to increase , propagating into the 
beam , and eventua l l y reaching two-thirds of the depth 
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Figure 5. 1 2  Failure mode of specimen Bl with 0 . 0% S. F .  
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F i gure 5.14 Fa i l ure mode of spec imen 85 wi th 0.0% S . F .  
F igure 5 . 15 Fa i l ure mode of spec i men 86 wi th 0 . 0% S. F. 
Figure 5. 16 Fail ure mode of specimen 8 3  with 0.0% S.F . 
., • • , I 
\ ' . . .......4 
r, ' ..,., .-., .. ::'" "i':'. 
Figure 5 . 1 7  Fail ure mode of specimen 84 with 0.0% S . F .  
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of the extended end. Very many short, fine cracks 
surrounded that area as 50% of V actual was reached. n 
Only specimens 8 7  and B9 developed diagonal cracks No. 
4 which appeared slowly and formed an arch above the 
reaction pl ate in the extended-end connecting to the 
applied load palte as shown in Figure _ 2. 1. They 
developed slowly because steel fibers were used. The 
cracks developed . completely at 62. 6% and 95. 8% of the 
actual Vn above the plate respectively, which were the 
major failure mode classified as shear failure. The 
Actual Vn was reached at 76  percent of the designed 
value of Vn by flexure, which indicates that the 
presence of 0.8% steel fibers increased the percentage 
of 67% of the s pee imens with no fibers by 10%. 
Specimens 8 1 1 ·, 1 3  and 810 developed diagonal cracks 
No. 4 (shown in Figure 2. 1) above the plate in the 
extended end, at 73% of the Actual V n, but were not 
the major failure mode. In fact, the Actual Vn 
i nr.reased up to 8 3% of the designed value of V n by 
flexure before the major failure mode, which is shown 
as crack No . 2 in Figure 2.1,  at the re-entrant corner 
. was established. This indicated an increase of 16% in 
the fibrous specimens ' resistance to failure than that 
of nonfibr9us specimens. Figures 5. 18 through 5.23 
show the failure modes of those specimens with 0.8% 
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F igure 5 . 18 Fa i lu re mode of _ spec i men 87 wi th 0 . 8% S . F .  
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Figure 5. 20 Failure mode of specimen B11 with 0 . 8% S. F. 
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Figure 5. 21 Failure mode of specimen B1 3 with 0. 8% S. F. 
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Figure 5 . 22 Failure mode of specimen 810 with 0.8% S . F . 
Figure ·5 . 2 3  Failure mode of specimen 88 with 0 . 8% S . F .  
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/ 
s tee l fi bers . I t  i s  a l s o  very obvi ous that the 
presence of the fi bers caused the re i nforcement of Avh 
st i rrups to be more effecti ve in  those  spec i mens  
conta i n i ng them . Th i s  i s  i nd i ca ted i n  Tab l e  5 . 5  where 
the force i n  Avh  ( F2 ) has doub l ed . · 
3 .  For Spec i mens  wi th 1 . 2% Steel Fi bers : The Actua l  
Vn was reached at  95% of  the des i gned va l u e of  V n by 
fl exure , i ndi cati ng that the presence of 1 . 2% of s tee l 
fi bers i nc reased the nonfi brous s peci men ' s  fa i l u re 
percentage from 67% to 28% . A 1 1  s pee i mens i n  th i s  
category devel oped s ome d i agonal cracks , s hown i n  
F i gure 2 . 1  a s  No . 4 cracks , above the reacti on p l ate 
i n  the extended end at a stage when 74% of the actua l  
reacti on V n was reached . They were very fi ne a nd 
short and d i d  not compl ete an arch  shape above the 
reacti on p l a te i n  the extended-end connect i ng to the 
appl i ed l oad p l ate .  Therefore , i t  i s  not pos s i b l e to 
determi ne whether  or not they were rea 1 1  y d i a gona l 
tens i on cracks  or were due to the devel opment of 
ten s i 1  e forces i n  the da pped-end fl exura l  
rei nforcement . Not s urpri s i ngl y , the maj or fa i l u re 
mode was at the re-entrant  corner of the dapped- end 
( s hown i n  F i gure 2 . 1  as  crack No . 2) as was ori g i na l l y  
expected i n  Secti on 4 .  3 .  As a matter o f  fact , for 
both extended -end depths of h=4 or 5 i nches , the 
maj or fa i l ure mode that  was at the re-entrant corner 
wa s the same for both . Th i s  fa i l ure was due to the 
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pres ence of  1 . 2% o f  s tee l fi bers , wh i c h i ncreas ed the 
bond i n  th e conc rete s ec ti ons  above the dapped end to 
prevent a ny shear  fa i l u re i n  the extended end s i mi l a r 
to the othe r  s pec i me n s . F i gu res 5 . 24 th rough 5 . 29 
show the fa i l u re modes  of s pec i mens  wi th 1 . 2% s tee l 
fi be rs . Tab l e  5 . 5 i nd i c a tes an i ncrease of more tha n  
th ree t i me s  t h e  va l ue of forces taken b y  t h e  re i n-
forcement  Avh · I n  genera l , the va l ues of V Actua l  n 
i ncreas ed more a pprec i ab l y  for those beams , i nc l u d i ng 
5 . 6  Cra c k  Mea s u rements  
S pec i men Bl  wa s a p i l o t tes t to  probe  the behav i o r of the 
da pped end . To i nves t i gate thorou g h l y  th e pattern o f  a ny devel o p i ng  
cra c ks , 1 0 1  s tuds  were g l u ed to  one s i de of th e dapped-end beam 
connecti on to ens u re mea s u rements , a s  i l l u s trated i n  F i gure 5 . 1 2 .  
After tes t i ng to fa i l u re ,  i t  wa s revea l ed that  the s tu ds s hou l d  b e  
a l i gned d i agonal l y  a nd be  concentra ted o n l y  a t  the re-e ntra n t  corner 
a nd above the react i o n  p l a tes s i de as  shown in F i gu re 5 . 28 .  Th i s  
resu l ted i n  uti l i z i ng fewer s tuds  and s aved some t i  me i n  tes t i ng.  
Tab l e 5 . 7  s hows th e mea s u rement of  the maxi mum cra c k  wi dth  a t  the 
i n i t i a l  a nd the a s s umed s i x ty percents of  u l t i ma te l oads . The cra c k s  
occurred a t  ang l es  ra ngi ng between 4 4  degrees a nd 4 6  degree s . There­
fore ,  a l l va l u es were c a l c u l a ted on  the bas i s  that  a rough l y  45 degree 
crack  devel oped . Thu s , a l l read i ngs ta ken as vert i c a l  or hor i zon ta l 
w i dth measu rements between the  crack  due to th e a l i gnment  of the s tuds  
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Fi gure 5 . 24 Fa i" l ure mode of spec imen B14 with 1 . 2% S . F . 
F i gure 5 . 25 Fa i l ure mode of spec i men B16 wi th 1 . 2% S . F .  · 
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Figure 5.26 Failure mode of specimen 81 5 with 1.2% S.F. 
Figure 5.2 7 Failure mode of specimen B18 with 1. 2% S. F. 
1 7  
Fi gure 5 . 28 Fai l u re mode of s pec imen  817 wi th  1 . 2% S . F .  
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Fi gu re 5 . 29  Fa i l u re mode of  spec imen  812 wi th 1 . 2% S . F . 
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TABLE 5 . 7  I N ITIAL AND MAXIMUM . CRACK WIDTHS AT ASSUMED SERV I CE LOAD 
% of AT I NITIAL CRACKING LOAD AT 60% OF ULTIMATE LOAD 
Steel Reaction Max .  Crack React ion Max . Crack 
F i bers Load ( Pn ) ( Vn ) 
width Load . ( Pn ) (Vn ) 
w idth 
( p s ) ( k i ps
) 
( k i ps )  ( lxl0-4 1 n . ) (k i ps )  ( ki ps )  ( lxl0-4 1 n . ) 
0.0 2.33 1 . 80 21 8. 4 6 .5 260 
0 .8 2 . 89 2. 24 1 5  10 . 8  8 . 4  239 
1 . 2  3 . 45 2 . 67 1 1  1 1.9 9 . 2  197 
0.0 l.77 1.37 17 8.3 6.4 268 
0.8 2 . 33 1. 80 13 10. 7 8 . 3  240 
1 . 2  3. 17 2 . 46 1 1  11 . 4  8 . 8  226 
0.0 l.66 1.32 34 5 . 6 4.4 264 
0.8 2 . 16 1 . 72 27 7. 4 5 . 9  193 
1 . 2 · 2 . 44 1.94 19 8.4 6 . 7 187 
0.0 1 . 60 1 .27 30 4 .7 3 .7 263 
0.8 1 . 99 1.58 23 6 . 8 5 . 4 206 
1 . 2  2. 33 1 . 85 18 7. 4 5 . 9  186 
0.0 3. 45 2.33 39 7.9 5.3 269 
0. 8 4 . 56 3 . 08 31  1 1. 3  7.6 221 
1 . 2 5. 68 3 � 84 24 12. 3 8 . 3  200 
0.0 l.66 1 . 29 1 1  1 . 4 1.1 
0. 8 2. 22 1.72 17  2. 9 2.2 20 





were multiplied ·by 1/(cos 45) = 1. 4 1 42 as presented in Table 5.7. As 
s hown, crack widths  decreased appreciably as the higher percentages of 
s tee 1 fibers were inc 1 uded for both of the in it i a 1 and the sixty 
percents of ultimate loading cases. All crack measurements and their 
patterns are listed in Appendix B. 
5.7 Deflection Measurements 
The theoretical and actual deflections results at initial 
cracks and the as sumed sixty percents of ultimate loads are s hown in 
Table 5.8. 
It can be seen that the maximum actual deflections at initial 
cracking loads and as sumed service loads are greater than the 
theoretical calculated deflection values that were determined by the 
conventional method described in section 4. 5. 
added the actual deflections would decrease .  
measurements are also  included in appendix B .  
When steel fibers are 
.Complete deflection 
TABLE 5 . 8 DEFLECTION RESULTS 
Actua l  
Modul us of  AT I NITIAL CRACKS AT ASSUMED SERV I CE LOAD 
Steel El asti ci ty Actual Theoretica l  Actual Theoret ical 
Group Beam fi bers 6 Load Defl ection Defl ect ion Load Defl ecti on Defl ecti on Eca x 10 
Number Number ( ps ) (psi ) k i ps A= lxl0
-31 n . A• lxl0-31 n .  ki ps A•lxl0-3 i n .  ta•lxl0-31 n .  
us i ng ( 1 / lc rr ) us i ng U/ ler) 
Bl 0 . 0  4 .02 2 . 33 9 . 5  3 . 1 8 . 4 20 . 6  13 . 3  
Gl  B7 0 . 8  3 . 69 2 .89 8 . 4  4 . 2  10 .8  19 . 3  18 . 7  
814 1 . 2 3 . 30 3 . 45 7 . 6 5 . 1  12 . 0  18 .6  23 . 3  
B2 0 .0 4 . 02 1 . 77 9 .9 2 . 3  8 . 3  22 . 2  13 . 1 
62 B9 0 . 8  3 . 69 2 . 33 8 . 6  3 . 3  10 . 7  20 . 0  18 . 6  
816 1 . 2 3 . 30 3 . 17 7 . 8 4 . 7  1 1 . 4  19 .8  22 . 1  
85 0 . 0  4 . 02 1 . 66 6 . 5  2 .2 5 . 6 25 .4  8 . 8  
63 B11 0 . 8  3 . 69 2 . 16 5 . 2  3 . 1  7 . 4  19 .6  12 . 7  
8 15  1 . 2  3 . 30 2 .44 4 . 0  3 . 2 8 .4 16 . 7  16 . 1  
B6 o .o 4 . 02 1 . 60 6 .9 2 . 1 4 . 8 24 . 0  7 . 6 
G4 813 0 . 8  3 . 69 1 . 99 5 . 0  2 . 9  6 . 8  18 . 9  1 1 .  7 
B18 1 . 2 3 . 30 2 . 33 4 . 2  3 . 4  7 .4 15 . 2  14 . 1  
83 0 . 0  4 . 02 3 . 45 12 . 1  6 .0 7 .9 25 . 1  16 . 3  
GS B10 0 . 8  3 .69 4 . 56 1 1 .  7 8 . 5  1 1 . 3  23 . 6  25 . 3  
817 1 . 2  3 . 30 5 . 68 10 . 5  10 . 9  12 . 3  21 . 1  27 . 8  
84 0 . 0  4 . 02 1 . 66 4 . 3  2 .0 1 . 4* 37 .0 1 . 6* 
G6 88 0 . 8 3 . 69 2 . 22 5 . 9 2 . 9  2 . 9* 65 .0 3 . 5*  
B12 1 . 2  3 . 30 3 . 00 4 . 3 4 . 0  3 . 3* 52 .0 4 . 5* 
* when ca lcul ati ng the theoret; cal defl ect; on , ( I / I r ) was used , s i nce Group G6 ; s  for pl a i n  concrete beams . 
CHAPTER V I  
A NALYSIS AND DISCUSSION OF RESULTS 
6 .1 Compressive Strength 
Standard size concrete cylinders were tested for a 28-day 
compressive strength of p l  a in and fibrous concrete . The percentages 
of steel fibers used were 0 .0 , 0 .8 , and L2. For each mixture four 
cylinders were tested . Tabl e 6 .1 shows a summary of the test resul ts . 
The increase in the fibrous concrete compressive strength was 
not appreciabl e .  
An increase ·of 5 . 4% in compressive strength with 0 .8% steel 
fibers was generated , whereas a maximum of 7 .6% increase in strength 
resul ted when 1 . 2% steel fibers were used . This shows that the use of 
steel fibers is not an efficient method. of increasing the compressive 
strength of concrete . This result  was al so obtained by other 
researchers ( 6 ,16 }  who found an insignificant increase or no increase 
in compressive strength when using steel fibers . On the other hand , 
the presence of steel fibers wil l produce a ductil e mode of fail ure 
( Figure 6 .1 ) , compared to p lain concrete , which wil l fail suddenl y 
( Figure 6 . 2) .  
6 .2  Modul us of E lasticity 
Six standard size cyl inders were tested to determine the 
Modul us of • E l asticity of p l ain and fibrous concrete . Tab l e  6 .2 
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TABLE 6 . 1  
SUMMARY OF ACTUAL COMPRESSIVE STRENGTH RESULTS 
% 




Compress i ve Strength 




TABLE 6 . 2  
% Increas e  From 
0. 0% Stee l Fi bers 
5. 4 
7 . 6 
SUMMARY OF ACTUAL MODULUS OF ELASTICITY RESULTS 
% 
Steel  Fi ber 
o . o  
0.8 
1. 2 
Actual 6 Eca x 10 ps i 
4. 0 2 
3. 69  
3 . 30 
% Decrease From 
0.0% Steel Fi bers 
-8. 2 
- 17. 9 
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Figure 6 . 1 Fai lure of fibrous concrete . in compression . 
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Figure 6 . 2  Fai l ure of pl ain concrete in comp res sion . 
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summarizes the· results of the actual plain and fibrous Modulus of 
Elasticity of concrete. A decrease in the Modulus of Elasticity of 
concrete occurs when steel fibers are used. The decrease is 8. 2% for 
0. 8% steel fibers and 17.9% for 1. 2% steel fibers. 
A summary of the calculated and actual Modulus of Elasticity 
is shown in Table 6.3. 
From Table 6. 3, a deviation of 8.7 percent for plain concrete 
Modulus of El asticity in this experiment with the ACI formula is 
shown. Also, as the amount of steel fibers was increased to 0. 8 and 
1. 2  percent, the values of Ec decreased by 8.3% and 23 . 2% , 
re spec ti ve l y. An over estimation of the fibrous concrete Modulus of 
Elasticity is generated by the use of ACI formula Ec = 33 w
l. 5 � 
( 5 .1 ) . 
A statistical analysis of the data was performed using simple 
regression and the best fit line through the data was evaluated. This 
line had a slope of - 0.1 8 and an intercept of 1.0 for 
m = Ec/33 w
1 • 5 �f�. Using the previous coefficients, the ACI formula 
as shown by Equation ( 5 . 1 ) may be modified to: 
Ec c = m 33 w 
1. 5 Jf � where m = 1 - 0 . 18 p s 
or 
( 6 . 1 ) 
12 4  
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TABLE 6 . 3  
SUMMARY OF ACTUAL AND CALCULATED MODULUS O F  ELASTI C ITY STRENGTHS 
Ca l cu l ated % Dev i at ion  
Actual E
C X 10
6 ( ps i ) From 
- % Eca x 10
6 ( ps i ) From AC l · Code From AC I •Code 
Steel -F i bers From Testi ng (Eq. 5.1 } ( Eq .. 5-.-1- )  
0.0 4 . 02 3.7 +8.7 
0.8 3.69 4.0 -8 . 3  
1.2 3.30 4.3 -23.2 
TABLE 6.4 
ACTUAL AND MODIF IED CALCULATED MODULUS OF ELASTI C ITY STRENGTHS 
Un i t  -6 Ecc X 10 6 Cyl i nder Wei gh t  f ' (ps i ) Ec a  x 10 % 
No. % S.F. (pcf ) (ps i ) ( Eq. 6 .1 ) ( ps i ) Dev i at i on 
3 C 0.0 145 4226 3.75 4 . 18 +11.5 
4 C 0.0 146 3925 3.65 3.86 +5.8 
5 C 0.8 147 4625 3.42 3.7 1 +8.5 
6 C 0.8 149 45 17 3.45 3.66 +6 .1 
g ·c 1 . 2  1 5 1  5394 3.53 3 . 70 +4.8 
10 C 1.2 150 4456 3.17 2.89 -8.8 
1 2 6 
The statistical analysis illustrates that this line has an F value of 
15 . 1 , indicating that m is s i gni fi cant as shown in Appendix Al. A 
correlation coefficient of 0. 9 6 3  between ( E  / 3 3  w l. 5  '�) and c l ' c ·  Ps  
explains that 80% ( r2 = 0. 7 9) of the variation in ( E  / 3 3  w 1 · 5 · . �  is 
C \I '  C '  
accounted for by its l inear relationship with the variabl e p s 
Tabl e 6. 4 was generated by using Equation ( 6. 1) to estimate 
the Modulus of Elasticity of fibrous concrete ; the actual values are 
compared. 
Since Equation ( 6. 1) is a function of f�, the results could 
vary, with f� being less than 4000 psi or for higher concrete 
strengths. Equation ( 6. 1) applies only to concretes with strengths 
ranging from 4000 to 4500 psi . It  is al so noticed that a discrepancy 
in the reduction of the Modulus of El asticity occurs when an increase 
in the percent of steel fibers is maintained. The reason behind this 
discrepancy is that the addition of steel fibers slightly increases 
the f�, and since there is a positive relationship between the 
compressive strength and the Modulus of Elasticity, a theoretical 
increase should result in the Modulus of El asticity. 
From the results of this research, it is concluded that 
strains in fibrous concrete cyl inders were higher than those of plain 
concrete at a given stress level. This increase, which is due to the 
difference between the bond characteristics of fibrous and plain 
concrete, proves that the deformation of fibrous concrete is higher 
than that of pl ain concrete. 
The bond between aggregate and cement paste i s  a pl a i n  
concrete property , whereas i n  fi brous concrete , the bond i s  between 
two pa rts : 
a )  aggregate and cement 
b )  fi bers and cement 
The bond s trength of steel fi bers wi th cement i n  compres s i on 
i s  wea ker than that of the aggregate wi th cement . Surpri s i ng ly , th i s  
wea kness of bond stres s among fi bers and cement not on l y  adds to the 
s trength , but enhances the concrete ducti l i ty as wel l . H i gher s tra i ns 
a re a l ways expected i n  f i brous concrete due to h i gher deformat i ons i n  
more ducti l e  materi a l s . 
6 . 3 Spl i t  Cyl i nder 
A s pl i t  cyl i nder test  performed accordi ng to ASTM Standards 
C78 was used to test  the tens i l e  s trength of both the fi b rous and the 
pl a i n  concrete cyl i nders . Si x cyl i nders wi th O to 1 . 2 va ry i ng per­
centages of s teel f i bers were tested . · The fa i l ure of pl a i n  concrete 
was sudden , wi th a s i ng l e crack . The fa i 1 ure of fi brous concrete 
cyl i nders had two s tages : a fi rs t crack a nd a ducti l e  col l apse· . 
After the fi rst crack  s tarted , the cyl i nders were ab 1 e to wi th s tand 
the l oad . The l oad carryi ng capac i ty i ncreased up to fa i l u re ,  when 
the ·cyl i nders were compl ete ly  s tra i n.ed and cou l d  not carry more l oads , 
as s hown i n  F i gures 6 . 3 and 6 . 4 .  Th i s  test  cl early i l l us trates the 
advantage of stee l  f i bers i n  preventi ng a sudden and catas troph i c  
fa i l ure .  
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F i g u re 6 . 3  Fai l u re of  p l a i n concrete i n  tens i on . 
;r (:: . . t , 
I 
• 
Fi g u re 6 . 4  Fai l u re of fi brou s concre te i n  tens i on . 
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Table 5 ." 3 summarizes the results of initial and ultimate 
tensile strengths . Obviously, the percentage of deviation of actual 
values at the ultimate stage from the AC I Code formula for non-fibrous 
concrete f ct = 6 .  7 � ( 5 .  2 )  i ncrea sed 29 . 4% and  37 . 5% for 0 . 8% and  
1 . 2% of steel fibers used respectively . This result suggests that the 
ACI Code equation (5 . 2) does not apply to fibrous concrete . Table 5 . 3 
also indicates an increase of 21 . 8% and 31 . 0% in the tensile strength 
for 0 . 8% and 1 . 2% of steel fibers used respectively . 
Statistical linear regression analysis was performed, result­
ing in a best fit line through the data with an intercept of 6 . 7 and a 
1 . 6 slope, as shown in Appendix A2 . An F value of 4 7 . 7 was obtained, 
and a correlation coefficient of 0 . 96 1, which indicated that 92% (r2 = 
0. 92 ) of  the vari a t i on i n  ( fct/ � i s  accoun ted fo r by the l i nea r 
relationship with the variable Ps · 
Therefore, the fibrous concrete split cylinder ' s  strength can 
be calculated as : 
where : 
(6 . 2) 
fcts = ultimate split cylinder strength of fibrous concrete 
(psi) 
ps = % steel fibers 
f '  = compressive strength (psi) 
C 
Table 6 . 5  shows the calculated values using Equation (6 . 2 )  and 
the percent deviation of the actual results from it . -
TABLE 6.5 
ACTUAL A ND MOD I F I ED CALCULATED SPL I T CYL I NDERS STRE NGTHS 
Steel Fiber 
0 . 0  
0 . 8  
1.2 






U l timate 






Calculated Dev iation 
f cts ( ps i
) From 
( Eq . 6 .  2) ( Eq. 6. 2) 
434 +9.0 
531 -8 . 5  
581 +6.7 
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6.4 Modul us of Rupture 
Using ASTM Standard C-78, the modul us of rupture of pl ain and 
fibrous concrete was determined for twel ve standard size beams 6 x 6 x 
24 in. 
The fibrous concrete beams withstood two stages before 
fail ing : the cracking stage and the ductil e col l apse stage. Even 
after the fibrous beams were initial ly  cracked, the l oad carrying 
capacity was increasing until fail ure was reached. For the pl ain 
conc rete beams, the fail ure was sudden and the beams were spl it by a 
single  crack ( Figures 6.5 and 6.6 ) .  
6. 4.1 Initial Crack Strength 
When debonding of the fibrous cement mortar started, initial 
cracks were observed. The so-cal l ed "fiber pul l -out " action was 
created when the bond shearing strength was exceeded by the two 
variabl es. Tabl e 5.4 shows the resul ts of the first crack strength. 
Deviations from the ACI Code formul a  f = 7.5' � (5. 3 ) were recorded r � ' c 
from 2. 1% to as high as 45%. Therefore, it is obvious that a modified 
formul a is needed. 
Sta tis ti ca 1 regression analysis was used for the data, and a 
7. 5 intercept with 2. 6 s 1 ope were obtained. The regression l ine had 
an F val ue of 35. 9 and a correl ation coefficient of 0.875, as shown in 
Appendix A3. The variation in (fr; / � was 7 7% ( r
2 
= 0.776 ) 
accounted for by its l inear rel ationship with . the variabl e Ps · The 
fol l owing equation can be used to cal cul ate the fibrous concrete first 
modul us of rupture : 
. • ·  . : .> ��-> -. 
.. . .. � . . .  • . _· - "\,;. •" 
Fi gure 6.5 Fai lure of fi brous concrete i n  flexure . 
... ,;· 
r • · · . 
f: 
_j} · . . •  
• 
Fi gure 6. 6 Fai lure of plain concrete i n  flexure . 
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where: 
frsi = fi rst modulus of rupture (psi ) 
Ps = % steel f i bers 
f� = compressi ve strength (psi ) 
( 6. 3 )  
Actua 1 and Cg lcul ated va 1 ues for the fi rst modulus of rupture usi ng 
Equati on 6. 3 are shown i n  Table 6. 6. 
6.4.2 Ulti mate Modulus of Rupture 
A slow i ncrease in  the load carryi ng capaci ty was recorde� 
after the pull-out of fi bers took place. This  procedure was 
maintained unti l the ulti mate bond shear strength between the fi bers 
and ·cement was reached. After a decrease in  1 oad, failure occurred 
wi thout the spec i mens bei ng di si ntegrated due to the presence of the 
steel fibers. Results of the ultimate modulus of rupture are 
tabulated i n  Table 5.4. For the fi brous beams w ith 0.8 and 1.2 
percentages of steel fi bers, a noticable increase of 2.18 and 31. 0 
percents i n  the ulti mate modulus of rupture was recorded. It i s  also 
shown that the ACI formula (f = 7.5 �) (5.3) should not be used for r \I ' c · 
the calculati ons of fi brous concrete ' s modulus of rupture. Thus, a 
stati sti cal li near regression analysi s  si mi lar to that of the fi rst 
modulus of rupture was appli ed to the data. An intercept of 7.5 and a 
slope of 4.9 were obtai ned. Thi s  best fi t line has an F value of 62. 8 
1 3 3 
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TABLE 6 . 6 
ACTUAL AND MOD IF I ED  CALCULATED INITIAL MODULUS OF RUPTURE STRENGTH 
Actual 
Average Cal cul ated % Dev i at ion  
% f '  I n i ti a l  frs i (ps i ) From 
Steel F i bers (ps i ) f ri (ps i )  (Eq .  6 . 3 ) ( Eq .  6 . 3 ) 
0 . 0  4 195 496 486 +2 . 1  
0 . 8  4420 6 13 637 -3 . 8  
1 . 2  4540 732 7 16 +2. 2 
TABLE 6 . 7  
ACTUAL AND MODI F I ED CALCULATED ULTIMATE MODULUS OF RUPTURE STRENGTHS 
Actual 
Average Cal cu l ated % Dev i at ion  
% f ' I n i ti a l  f rsu (ps i ) From 
Steel F i bers ( ps i ) f ru (ps i ) ( Eq. 6. 4 )  (Eq. 6. 4 )  
0. 0 4 195 496 486 2. 1 
0. 8 4420 7 l0 759 -6. 5 
. 1. 2 4540 89 2 90 2 - 1 . 1 
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and a correl at i on coeffi ci en t of 0 . 9 2 2  ( Append i x A4 ) ,  wh i ch means  that 
85% ( r2 = O .  85 1 )  of  the vari at i on between ( fr/ � and p5 
wa s 
accounted for by th e i r l i nea r rel at i on s h i p .  The res u l t i ng equat i on 
i s : 
where : 
frsu = u l t i ma te modu l u s of  rupture ( ps i ) 
P s = % s teel  fi bers 
f� = comp res s i ve s trength  ( ps i ) 
( 6 . 4 )  
Ta bl e 6 .  7 s hows the ca 1 c u l  ated u l t i mate modu l us o f  rupt u re 
u s i ng Eq uat i on ( 6 . 4 ) fo r d i fferent percentages of  s tee l fi be rs and  the 
actual va l ue s . 
6 . 5  Pred i cti on of  U l t i mate Strength V 
An exami na t i on of  the tes t  re su l ts presen ted i n  Ta b l e 5 . 5  
g i ves an i n i t i a l  i dea a s  to what exten t the des i gn fo rmu l a s u s ed i n  
th i s  res ea rc h , wh i c h  a re adop ted by the P C I  de s i gn handbook , s u i t the 
presen t pu rposes .  To compare the meas u red and p red i cted u l t i ma te 
shea r  s tren gths , the  p redi cted u l t i ma te s hea r strength s  were c a l ­
cu l ated ba sed on the fl exu ra l  re i nforcement  s trength ( As ) .  B u t  due to 
the d� a gona l  ten s i on fa i l u re i n  the extended end ( s hown i n  F i g u re 2 . 1  
as · crac k  No . 4 ) , wh i ch  i s  a 1 so  evi dent i n  the fi g u res i n  Sec t i  on 
5 . 5 . 3 , the pred i c ted va l ues of the rea ct i ons  cannot be u s ed for 
1 36 
comparisons . Therefore, complete revisions and evaluations of the 
actual reaction values Vn must be done . 
Table 5 . 5  indicates that all of the reinforcement provided 
some resistance . Therefore, the connection reactions must be due to 
the combined contributions of the different reinforcements . In other 
words, the magnitude of the reaction at the dapped end must be due to 
the sum of the force (F1) provided by the concrete shear capacity, the 
component of the force ( F 2 ) provided by the direct shear hori zonta 1 
stirrups (Avh ) , the component of the force (F 3 ) provided by the 
flexural horizontal bars (As ) , and the component of the force (F4 ) 
provided by the vertical hanger stirrups (Ash ) .  
This cone 1 us ion was verified by Werner and Oil ger ( 2 0 ) who 
predicted the ultimate shear strength for their experimental studies, 
as was discussed in section 2 . 1. 
Hence, the ultimate 
Equation ( 6.5 ) as follows : 
reaction V could be calculated by n 
(6 . 5 )  
In order to apply this predictive equation, it is necessary to analyze 
each individual force as done in the following sections : 
6.5 . 1  Concrete Shear Force Capacity (F1 ) 
The PC ! Design Handbook (11 ) indicates that the allowable 
magnitude of the concrete capacity in shear for the dapped-end beam 
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connec t i on s i s  · eq ua l to ( 2 Abd � ) ,  as gi ven i n  Equa t i on  ( 2 .  20) , 
Section 2. 3. 4. 
Analyzing group six (G 6) Beam Number Four (8 4) of the speci­
mens  for p l a i n  concre te i nd i cates that the magn i tu de o f  2 � that 
resulted from testing is equal to 129. 5  psi, compared to 113. 4 psi 
allowed by the PC ! .  These values are close in magnitude, revealing 
that the value of the force can be represented by the following 
equation : 
( 6 . 6) 
where : 
F1 = concrete shear capacity, 1 bs. 
b = width of section, in. 
d = distance from the extreme compression fibers to the 
centroid of reinforcement As, in. 
f '  
C = 28-days compressive strength, psi. 
The compressive strength (f�) was increased by the presence of steel 
fibers, as shown in Table 6. 1. Therefore, statistical linear 
regression analysis is performed, as shown in Appendix AS, and the 
best fit line through the value of f� intercepted with a value of 1. 0 
and a slope of 0. 07. The analysis also indicates an F value of 2. 13. 
This F value is less than the tabulated value of 4. 9 6  in reference 
(15·), ·indicating that the equation of the force F1 . would be 
insignificantly affected by the presence of steel fibers. 
1 38 
Nevertheless, Equation ( 6. 6) can be modifi ed to calculate fibrous 
concrete shear capacity as : 
( 6 . 7 )  
Table 6. 8 il lustrates the calculated values of the concrete 
shear force capacities of the specimens using Equation ( 6 . 6 )  and the 
percent deviation by applying Equation (6. 7) where the f� values are 
given in Table 6.1. 
When analyzing group six ( G6 )  again, to find out to what 
extent its failure mode can be classified,  the following analyses were 
neces sary. 
According to Table 5 . 5 , the actual reaction ( Vn ) for beam B4 
which is made of plain concrete without fibers was recorded as 2.8 
kips. 
From Section 6.4. 2, the AC I - Code modified equation for the 
modulus of rupture is : 
= 7 . 5  �4195 = 485 psi, ( p s = 0. 0%) 
Hence, the flexural moment is 
M = ( fr ) ( I ) / (C) 
= { [485] [ (5 ) ( 5 )
3/ 1 2] / [ (5)/ (2)] } / 1 000 = 1 0. 1 2 k-in. 
But from the moment at the dapped-end front side, the reaction is 
(6. 4) 
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TABLE 6 . 8  
COMPARISON OF EQUATION 6 . 6  AND 6 . 7  
g.roup beam S steel c al cul ated modi fi ed S d evi ation 
n umber n umber fi bers force F1 ( 1 bs }  force F1 ' ( l bs )  from eqn 6 . 7  !9" 6 . 6  !9n 6 . 7  
Bl o . o  2793 2793 0 . 0  
Gl 87 0 . 8  2867 2946 + 2 . 8  
81 4 1 . 2 2906 3025 + 4 . 1  
82 o .o  2793 2793 o .o 
62 89 0 . 8  2867 2946 + 2 . 8  
81 6 1 . 2 2906 3025 + 4 . 1  
BS o .o  2 1 45 2 1 45 0 . 0  
63 Bl l  0 . 8  2202 2263 + 2 . 8  
Bl5 1 . 2 2232 2324 +. 4 .  1 
86 o .o 21 45 21 45 0.0 
64 81 3. 0 . 8 2202 2263 � 2 . 8  
8 1 8 1 . 2 2232 2324 +- 4 .  1 
83  o .o 2793 2793 0 . 0  
GS 81 0 0 . 8  2867 2946 +- 2 . 8  
81 7 1 . 2 2906 , 3025 + 4 . 1  
84 o .o  3238 3238 o. o 
66 B8 a . a  3324 341 6  + 2 . 8  
81 2 1 . 2 3369 3508 + 4 . 1  
Vn = M/a ( 6.8) 
= 10.12/4. 5 = 2.2 5 k i ps 
However, the concrete shear capaci ty (F 1) obtained from tests, Table 
5.5 is  equal to 3.24 k i ps. 
Si nce 3.24 > 2.25, the fa i lure i s  class if ied as flexural 
fai lure, as shown in F i gure 5. 1 6. Table 6.9 i llustrates the values of 
Vn calculated by the above procedure for the remaini ng beams of Group 
G 6. 
6.5 . 2  Shear Fri ction Force (K2F2) for the Hor i zontal Stirrups (Avh ) 
The PCI Desi gn Handbook recommends that 2/ 3 of the shear­
fricti on steel requ i rements be suppli ed at the bottom of the extended 
end by (As) ,  and 1 / 3 should be di stri buted i n  the bottom 2/ 3 of the 
extended end by (Avh) ' as shown i n  Fi gure 2.2a, secti on 2. 3. 
From the test data surrmarized in Table 5.5, the actual force 
F2 resisted by the hori zontal sti rrups (Avh) i s  consi dered equal to 
(Avh ) (£ ) (Es). In spec imens Bl and B 3, F2 was approxi mate
ly 14% of the 
actual reaction Vn, whereas spec i men B5 had a fo rce F2 res i ste
d by Avh 
at about 3 6% of i ts actual reacti on V . These percentages i ndi cate n 
that the utili zati on of Avh rei nforcement was not appre
ci ab l y hi gh . 
Therefore, the force (F2) provided by the direct
 shear hor i zontal 
sti rrups ( Avh ) should be considered as a w
hole wi thout a reducti on 
fa�tor _ K2, and i t  can be represented by the follo





G6 B 8 
, , 81 2 
TABLE 6 . 9  
CLASS I F ICATION OF FA I LURE MOOE I N  GROUP G6 OF PLA I N  CONCRETE BEAMS 
I stt=el Vn(Actual . Testi ng)  Vn cal cul ated Vn cal cul ated fa i l ure 110de fi.bers ki ps by eqn. 6 . 6  by eqn  6 . 8  cl ass i fi ca-
kies fl exure k i ps tions 
o.o 2 .8  < 3. 24> 2 . 25 fl exure. 
o.a 3. 7 > 3 .32< 3.42 shear 
1 .2 4. 3  > 3. 37< 4.01 shear 
f igure 







= shear friction force, lbs . 
Avh = shear friction reinforcement, in
2. 
fvh = strength of Avh ' psi 
( 6 . 9 )  
However, the magnitude of F2 was increased by the presence of steel 
fibers , as shown in Table 5.5 . 
The improvement in the magnitude of the force F 2 by the 
presence of steel fibers is affected by the increase in the ratio ( Q) ,  
in which Q = fvh/fy where : fvh = actual steel stress ( ksi) = ( £) ( Es ) ,  
and fy = yield stress (66  ksi) . This improvement is due to a greater 
bond between concrete and steel, as shown in Table 6. 10. 
Since the magnitude of the force F2 in group GS is th ree times 
as high as in groups G l  and G 3, four different statistical linear 
regression analyses were performed to achieve the best line through 
the values of Q in Table 6. 10 as follows : 
1. For Groups Gl and G3 Cambi ned : The 1 i ne has an intercept 
value of O .  84 and a s 1 ope of 1. 78 . I t  has an F value of 26 . 12  as 
shown in Appendix A6. This value indicates that the effect of steel 
fibers on the force equation is significantly high. Therefore, 
Equation ( 6 . 9 )  can be modified to calculate the shear friction force 
F2 as : 






· TABLE 6 . 1 0  
COMPARISON OF Q VALUES 
group number beam . number S of steel fi bers rat io  Q � f vh/fy 
Bl o.o 0 . 21 
Gl 87 0.8 0 . 32 
81 4 . 2 0.63 
85 o .o 0 . 1 7  
63 81 1 0 . 8  0 . 36 
81 5 1 . 2 0 . 62 
BJ 0.0 0 . 60 
GS B1 0 0 . 8 0 . 66 
81 7 1 . 2 0 . 79 
TABLE 6 . 1 1  
COMPARISON OF EQUAT ION 6 . 9  AND 6 . 1 0  
cal cul ated mod i fi ed 
beam S steel force F2 ( l bs )  Force F2 ' ( l bs )  % dev i ation number fi bers eqn 6. 9 egn · 6 . 1 0  from egn 6 . 9  
B l  0 . 0  1 360 1 056 -22 . 4  
87 0.8 21 34 2851 33.6 
814 1 . 2 41 67 3749 -1 0 .0  
85 0.0 1 1 46  1 056 - 7 . 9 
81 1 0 . 8  2375 2851 20.0  
8 1 5  1 . 2 4066 3749 - 7 . 8  
� 
1 4 4 
where : P s = % steel fibers. 
Table 6. 11 illustrates the calculated values of the shear 
friction force using Equation (6.9) and the percent deviation by 
applying the modified Equation (6.1 0). 
2. For Group Gl : The line has an intercept value of 0. 8 3  and 
a slope of 1. 58. It has an F value of 4. 4 3  as shown in Appendix A7. 
This F value is less than a tabulated value of 161. 4  in reference 
(1 5 ). Equation (6. 9) can be modified as : 
where : 
F2 = (0. 17 + 0. 3 2 p s) Avh fy 
P = % s teel fibers. s 
( 6. 11) 
Table 6. 1 2  illustrates the values of the shear friction force 
calculated by using Equation (6. 9) ,  and· the percent deviation by 
applying the modified Equation (6. 11). 
3. For Group G 3 : The line has an intercept value of 0. 87 and 
a slope of 2. 01. I t  has an F value of 1 2. 0  as $hown in Appendix AB. 
I 
This F va 1 ue is 1 ess than a tabulated va 1 ue of 1 61. 4 in reference 
(1 5) . Equation ( 6. 9) can be modified as : 
F2 = (0.1 5 + 0. 3 5  ps ) Avh fy 
where : p = % steel fibers. s 
( 6. 1 2) 
Table 6. 1 3  illustrates the values of the shear friction force 
calculated by using Equation (6.9) , and the percent deviation by 
applying the modified Equation ( 6. 12). 
4. For Group G 5 :  For this group which represents s pecimens 
with extended-end depth ( h= 5 inches ) ,  1 oadi ng a rm K 2 and . with rein­
forcement (Avh ) ,  the line has an intercept value of 0.98 and a slope 









63 81 1 
8 1 5 
TABLE 6 . 1 2  
COMPARISON OF EQUATION 6 . 9  AND 6 . 1 1  
calculated rflod1 f1 ed 
% steel force F2 ( � bs )  force F 2 ' ( 1 bs ) fi bers eqn 6 . 9 egn 6 . 1 1  
0 . 0  1 360 1 1 22 
0 . 8  2 1 34 281 2 
1 . 2 4 1 67 3656 
TABLE 6 . 1 3  
COMPARISON OF EQUATION 6 . 9  AND 6 . 1 2  
cal culated ·modi f i ed 
% steel force F2 ( l bs )  force F2 • ( l bs )  fi bers egn 6 . 9  egn 6 . 1 2  
0 . 0  1 1 46 990 
0 . 8  2375 2838 
1 . 2 4066 3762 
% dev i at ion 
from �n 6 .  9 
-21 . 0  
24 . 0  
-1 3 . 9  
% dev i ati on 
from egn 6 . 9  
-1 3 . 6  
1 9 . 5 





value i s  less - than a tabulated val ue of 1 6 1 . 4  in reference ( 15 ).  
Equation ( 6. 9) can be modified as : 
F2 = (0. 60 + 0 . 14 ps ) Avh fy 
where : p = % steel fibers. s 
( 6 . 1 3 )  
Table 6 . 14 illustrates the values of the shear frict i on force 
calcu l ated by using Equation ( 6 . 9 ) , and the percent deviation by 
applying the modified Equat i on (6 . 1 3 ) . 
6 . 5 . 3 Flexural Force (K 3F 3 ) for the Horizontal Rebars ( As ) 
The PCI Design Handbook recommends that 2/ 3  of the shear­
. friction steel requirements be supplied at the bottom of the extended­
end by ( As ) .  Sect.ion 2 . 3 . 3  expresses the value of As by Equati on 
( 2 . 1 8 )  as : 
As = vn
2/1 . 78 fy bh 
Therefore, a value of the reaction Vn can be evaluated as : 
Vn = ( 2 . 1 A5f5 bh)
1 1 2 ( 6 . 14 )  
Studying Table 5 . 5 ind i cates that the actual forces F 3 resisted by the 
fl exura 1 reinforcement ( A ) in specimens Bl , B2, B5, B6 and B 3  were s 
approximately 1 20% of their actual reactions Vn when tested . Note 
that these forces are in a horizontal direction . 
But when man i p u 1 at i n g the rat i o s of the v a 1 u es of V n ca 1 -
culated by Equation (6 . 1 4 )  [whi ch involves the utilizat i on of the 
actua 1 strengths ( f ) J to the actua 1 va 1 ues of the react i ans from s 
testing, an assumpt i on is reached . That is, a reducatidn factor K 3 of 
approximately 10% value should be multipl ied by the actual· force F 3 in 




GS B 10  
B1 7 
TABLE 6 . 1 4  
COMPARISON OF EQUATION 6 . 9  AND 6 . 1 3 . 
cal cul ated 
% s teel force F2 ( l bs )  
fi bers egn 6 . 9  
o . o  3982 
0 . 8  4373 
1 . 2 5220 
modi fi ed 





% dev i ati on 
from egn . 6 . 9 
0 . 6  
7 . 5 




Notice that Vn • is vertical not horizontal ; therefore, the as sumption 
is within reason. 
Thus, the force (F3) provided by the flexural horizontal 
rebars (As) can be calculated by the following equation : 
F3 = K3As f s ( 6.15) 
where : F3 = fl exura 1 force, 1 bs. 
K3 = reduction factor 
= [ Vn (calculated by Eq.( 6.1 4)/Vn (actual) J :::: 0. 1 0  




= strength of As ' psi 
However, the magnitude of F 3 was increased by the presence of stee 1 
fibers, as shown in Table 5.5. 
The improvements in the magnitude of the force F3 achieved 
with steel fibers is affected by the increase in the ratio (Q ' ), in 
which Q '  = fs/fy where : fs = actual steel stres s (ksi) = (s) (Es),  and 
fy = yield stres s (71 ksi). Table 6.15 illustrates the different 
calculations that pertain to the previous as sumptions and conclusions. 
Eight different statistical linear regres sion analyses were 
performed to fit the best line through the values of Q '  and K3, which 
are shown in Table 6.15 as follows : 
1) For Groups Gl, G2, G3 and G4 combined: 
Two regres sion lines for the values of K3 and Q '  were perform­
ed as shown in Appendix AlO and All, respectively. 
where : Regres sion of K3 = (0.99 -0.17 p s) (0.0853) 
Regres sion of Q '  = (1.02 + 0.35 ps) 










63 81 1 
81 5 
86 






CALCULATED VALUES OF K3 AND Q ' 
K3 • ratio of 
S of steel 
Vnica l cul atedl
by eqn 6 • 1 4  
0. 10 
fibers 9n�actua1J o.o o. eo 
0 .8 0 .065 
1 . 2 0.059 
o.o 0.073 
o.a 0 .077 
1 .2 0 .071 
o.o 0.090 
o.a o.oeo 
1 . 2 0.067 
o.o  0 . 098 
o.8  0 .083 , 
1 .2 0. 078 
o . o  o.oao 
0 .8  0 .068 
1 . 2 0.066 
Quadrati c Curve 
Fi rst Degree Li ne 
(0 .0 ,  0 .086) 
S1 o . 097 - 0. 086 
0. 011 • 0 0092 ope • 1.2 -. 0.0 • 1T · 
o . o  0 . 4  0 . 8  1 . 2  
Ps  • S S . F
. 
ratio of 







0 . 682 





0 . 623 
0 . 91 2  
1 . 000 
Fi gure 6 . 7  Con vers i on of Quadrati c Curve to 
Li near Li ne ( Eq . 6.16 ). 
149 
150 
reference (15) , which indicates that Equation ( 6. 15) woul d be signi­
ficantly affected by the presence of steel fibers. The product of 
both of the above expressions gives a quadratic formul a  as fol l ows : 
(0. 08 6 + 0. 0151 ps - 0. 005 p
2) = F 3
1/(A f )  s s y 
This · formul a includes the increase in the magnitude of the force by 
the presence of steel fibers and the decrease in the reduction factor. 
To simpl ify this quadratic formul a to a first degree equation, the 
sl ope is determined by subtracting the first coordinates of the curve 
from its final coordinates as shown in Figure 6. 7. Now by equating 
the intercept of the curve with the cal culated sl ope, an approximate 
equation is then used to modify Equation ( 6. 15) to cal cul ate the 
flexural force F 3 as : 
where :  
F3 = (0. 08 + 0. 0 1  ps) As fy 
p = % steel fibers. s 
( 6 . 1 6) 
Tabl e 6. 1 6 i l l ustrates the calcul ated val ues of the flexural 
force using Equation ( 6. 15), and the percent deviation by applying the 
modified Equation ( 6. 1 6) 
2) For Groups Gl and G2 combined : 
Two regression 1 i nes for the va 1 ues of K 3 and Q
I were per­
formed, as shown in Appendix Al2 and Al3, respectivel y. 
where :  Regression of K 3 = (1. 01 � 0. 12 ps) (0. 07 6) 
Regression of Q '  � (1. 02 + 0. 2 8 Ps) 
The l ine of Q '  had an F val ue higher than a tabulated val ue of 7. 7 1  in 
reference· .( 15), but the 1 ; ne of K 3 had an F va 1 ue 1 ower than 7. 7 1. 
Neverthel ess, the product of both of the above expressions gives a 










G3 81 1 
8 15  
B6 
G4 B1 3 
8 1 8  
TABLE 6 . 16 
COMPAR I SON OF EQUAT I ON 6 . 1 5 and 6 . 1 6  
S s teel 
ca l cfl afed force 3 l bs )  
mod1/1f!d 
force 3 ( l bs) I deviat ion 
0 . 0  
fi bers �n 6 . 1 5  egn 6 . 1 6 
o.o 999 1 249 
0 .8  1 145 1 375 
1 .2 1056 1 4 37 
o.o 986 1 249 
0 .8  . 1 1 31 1 375 
1 .2 1056 1 437 
o.o 890 1 249 
0 . 8  1072 1 375 
1 . 2 1056 1 437 
o.o 750 1 249 1 375 o.a 966 1 437 1 . 2 946 
Quadrati c Curve 
(0 . 0 ,  0 . 078 ) 
Sl ope . 0 . 089 - 0 . 078 . 0 . 0 1 1 . 0 _ 009 
1 . 2  - 0 . 0  1 . 2  
Therefore F 3t (A
5 
f 
Y ) • ( 0 . 07 + 0 . 01  p 5
) 
0 .4  0.8 
Ps • S S . F .  
. 1 . 2  
from egn 
-25 . 0  
-20 . 1 
-36 . 1  
-26 . 7  
-21 . 6  
- 36 . 1  
-40. 3 
-28. 3 
- 36 . 1 
-66 . 5  
-42 . 3  
- 51 . 9  
Fig ure 6 . 8  Conversion of Quadratic Curve 
to Linear Line (Eq �  6. 17) . 
6 . 1 5  
151 
152 
( 0. 0 78  + 0. 0 12 p -0. 0023 p2 ) = F ' / ( A  f )  s s 3 s y 
This formul a  incl udes the increase in the magnitude of the force by 
the presence of steel fibers and the decrease in the reduction factor. 
To simpl ify this quadratic formul a to a first degree equation, the 
slope is determined by subtracting the first coordinators of the curve 
from its final coordinates as shown in Figure 6. 8. Now by equating 
the intercept of the curve with the cal cul ated sl ope, an approximate 
equation is then used to modify Equation ( 6. 15 )  to cal cul ate the 
fl exural force F3 as : 
where : 
F3 = ( 0. 07 + 0. 0 1  p 5 ) As fy 
p = % steel fibers. s 
( 6. 1 7) 
Tabl e 6. 17 il lustrates the calcul ated val ues of the flexural 
force using Equation ( 6. 15 ) ,  and the percent deviation by appl ying the 
modified Equation ( 6. 1 7) . 
3 )  For Groups G3 and G4 combined: 
Two regression 1 i nes for the va 1 ues of K3 and Q '  were per­
formed, as shown in Appendix A14 and A15, respectively. 
where : Regression of K3 = ( 1. 00 -0. 19 Ps ) ( 0. 094) 
Regression of Q '  = ( 1. 02 + 0. 44 Ps) 
Both lines had F val ues higher than a tabulated value of 7. 7 1  in 
reference ( 15 ) ,  which indicates that Equation ( 6. 15 )  woul d be signi­
ficantly affected by the presence of s tee 1 fibers. The product of 
both · qf the above expressions gives a quadratic formul a as foll ows : 
( 0. 095 + 0. 023 Ps - 0. 0079 p � ) = 
·F:V ( Asfy) 
This formul a  includes the increase in the magnitude of the force by 
the p resence of steel fibers and the decrease in the reduction factor. 
:-­-1 •·· � -
TABLE  6 . 1 7 
COMPAR I SON OF EQUAT I ON 6 . 1 5  AND 6 . 1 7  
group be• S of s teel 
nUllber IIUllber fibers 
11 0.0 
Gl 17 0.8 
114 1 .2 
12 o.o 
Ci2 It 0.8 
11, 1 .2 
,< :.-=.<-= - -
(I .I, 0.111) 
Slope • o . nl - o .r5 • oiolf • o.ou I. - o. . 
TheNfo� Fj/(A5'1) • (0.ot + 0.01 ,'1 ) 
-
c1 lcul1ted 
force f 3 ( lbs ) 








..... -' o.• 
IIOd l fled 
force f 3 • ( lbs ) I . devt1t ton 
sgn 611 7  fr011 egn 6 . 1 5  
1093 - 19 . 3 
1218 - 10. 1 
1280 -26.2 
1093 -20.t 
1 218  -1 1 . 5 
1 280 -2, . 2  
QMNr1Uc Cune 
(1.0, 0.N) 
Slope • O. lOJ - o.p • oi°i1 • 0.0lt I.I - I. . 
TheNfON Fjl(�f1) • (0 •  ♦ 0.QZ •• )  
rN L.1M 
••• • •• ••• l.l ••• ... ... •• • I  l.f. l.l •1 • I S.f • 
Figure 6. 9 Conversion of Quadratic 
Curve to Linear Line 
( Eq. 6 . 18 ). 
Figure 6. 10 Conversion of Quadratic 
Curve to Linear Line 




To simplify th fs quadratic formula to a first degree equation, the 
slope is determined by subtracting the first coordinates of the curve 
from its final coordinates as s hown in Figure 6. 9. Now by equating 
the intercept of the curv€ with the calculated slope, an approximate 
equation is then used to modify Equation ( 6. 15) to calculate the 
flexural force F 3 as : 
where : 
F3 = ( 0. 09 + 0. 01 p s) As fy 
p = % steel fibers. s 
( 6. 18) 
Table 6. 18 illustrates the calculated values of the flexural 
force using Equation ( 6. 15), and the percent deviation by applying the 
modified equation (6. 18). 
4) For Group G5 : 
Two regres sion 1 i nes for the va 1 ues of K 3 and Q '  were per­
formed, as s hown in Appendix Al6 and A17, respectively. 
where : Regres sion of K 3 = ( 0. 99 -0 . 16 p s) (0. 080) 
Regres sion of Q '  = (1.01 + 0. 51 ps) 
Both lines had F values 1 ower than a tabu 1 ated va 1 ue of  161. 4 in 
reference (15). Nevertheles s ,  the product of both of the above 
expres sions gives a quadratic formula as follows : 
( 0. 080  + 0. 027 p s -0. 0065 p�) = F3/ ( Asfy) 
This formula includes the increase in the magnitude of the force by 
the presence of steel fibers and the decrease in the reduction factor. 
T� simplify this quadratic formula to a first degree equation, the 
slope is determined by subtracting the first coordinates of the curve 
from its final coordinates as s hown in Figure 6. 10. Now by equating 




GJ Bl l 
B l 5 
B 6 
G4 B l l 




GS 810  
B 1 7 
TABLE 6 . 1 8  
COMPAR ISON 9F EQUATION 6 . 1 5  ANO 6 . 1 8  
ca l cu l ated modi fi ed 
% of steel force F3 ( l bs )  force F3
1 ( l bs )  
f i bers eqn 6 . 1 5  eqn 6 . 1 8  
o .o  1 002 1 405 
0 . 8  1 1 9 1  1 531 
1 . 2 1 1 28 1 593 
o .o  844 1 405 
0 . 8  1 073 1 5 3 1  
1 . 2 1 01 0  1 593 
TABLE 6 . 1 9  
COMPARISON OF EQUATION 6 . 1 5 ANO 6 . 1 9  
S of steel 
fi bers 
0 . 0  
o .a 
1 . 2 
ca l cu 1  ated 
force F3( 1 bs )  
egn 6 . 1 5  
776 
964 
· 1 023 
modi fi ed 
force F3
1 ( l bs )  
egn 6 . 1 9  
1 250 
1 499  
1 624 
S dev iat ion 
from eqn 6 . 1 5  
-40 � 2  
-28. 5 
-4 1 . 2 
- 6 6. 5  
-54. 2 
-57. 7 
% dev i at i on 
from eqn 6 . 1 5  
- 6 1 . 1 






equation is then u sed to mod i fy Equation (6. 15 )  to calculate the 
flexural force F 3 as : 
where : 
F 3' = (0. 08 + 0. 02 p ) A f s s y 
p = % steel fibers. s 
(6 . 19) 
Table 6.19 shows the calculated and the modified values of F3 
and F3 , respectively. 
6. 5 . 4  Vertical Shear Force ( K 4F4 ) in the Vertical Stirrups (Ash ) 
The PCI Design Handbook recommends that the total vertical 
shear (Vn ) must be taken by the hanger reinforcement (A5h ) ,  as shown 
in Figure 2. 2b, Section 2 . 3. 
From the test data supplied by Table 5.5, the actual force F4 
resisted by the vertical hangers (Ash ) in specimens Bl, 82, 85, B6 and 
B3 was approximately 97% of . their actual reactions Vn when tested . 
But when studying the cracking characteristics and behavior of these 
test specimens,  the first crack originating from the re-entrant corner 
became visible at a shear equal to approximately 19% of the actual 
ultimate shear strength Vn. Aligned roughly 45
° with the horizontal, 
this crack stopped propagating after reaching one-third the depth of 
the dapped end due to the existence of the vertical bars (Ash ) .  It is 
therefore pos sible to as s ume that the vertical hangers (Ash ) took 1/2 
the total vertical s hear (V ) , since the major failure modes were n 
con�picuou s  diagonal cracks in the extended end, cracks that appeared 
abruptly and formed an arch above the reaction plate connecting to the 
applied load plate. These arches led the cracks to bypas s the hangers 
and proceed uninterrupted to the load point. 
Therefore the force F4 provided by the vertical stirrups (Ash) 
shoul d be multiplied by a reduction factor K4 
= 0 .5 and can be adopted 
by the foll owing equation : 
where: 
( 6 .20) 
F4 
= vertical shear force , l bs .  
Ash
= vertical hangers across re-entrant corner crack , in� 
fsh 
= strength of Ash ' psi 
However th� magnitude of F4 was increased by the existence of 
steel fibers as shown in Table 5 .5 .  The improvement in the magnitude 
of the force F 4 by the presence of s tee 1 fibers is affected by the 
increase in the ratio (Q 1 1 ) , in which Q " = f shlfy where : f sh = actual 
steel stress ( ksi) = ( E) ( E ) ,  and f = yield stress ( 6 6  ksi) , as shown s y 
in Tabl e  6 . 20 . 
Four different statistical linear regression analyses were 
performed to fit the best 1 i ne through the va 1 ues of Q " as foll ows : 
1) For Groups Gl , G2, G3 and G4 combined : 
The line has an intercept val ue of 1 . 0 and a sl ope of 0 . 47. 
It has an F value of 42 . 1 1 as .shown in Appendix A18.  This val ue 
i nqi ca tes that the effect of s tee 1 fibers on the force equation is 
highl y significant . Therefore, Equation ( 6 . 20) can be modified to 





Gl B 7 
81 4 
B 2 
. 62 B 9 
B 1 6  
B 5 
GJ B 1 1 
B1 5 
86 
64 B1 3 
B 1 8 
8 3 
GS B1 0 
81 7 
TABLE 6 . 20 
COOPARISON OF Q 11 VALUES 
% of steel 
fi bers 
o . o  
0 . 0  
1 . 2 
0 . 0  
0 . 8  
1 . 2 
o . o  
0 . 8  
1 . 2 
o . o  
0. 8 
1 . 2 
o . o  
0. 8 
1 . 2 
rati o 
Q" fsh = -r-
0 . 588 
0 . 980 
1 .000 
0 . 938 
1 .000 
1 . 000 
0 . 537 
0 . 839 
1 . 000 
0 . 485 
0 . 693 
0 . 964 
0 . 786 
0 . 979 




whe re : 
F4' = (0 . 32  + 0. 1 5  p ) A h f s s y 
Ps = % s tee l f i bers . 
1 59 
( 6 . 2 1 )  
Ta b l e 6 . 2 1 i l l u s trates the val ues  o f  the verti ca l  s hear  force 
ca l c u l ated by us i n g Eq ua t i on ( 6 . 20 ) , and the percent  devi a ti on by 
appl yi ng the mod i fi ed Equati on ( 6 . 2 1 ) . 
2 )  Fo r Gro ups G l and  G2 comb i ned : 
The l i ne ha s an i ntercept val ue of 1 . 0 and a s l ope of  0 . 2 7 .  
I t  has an F va l ue o f  4 1 . 6 7 a s  s hown i n  Appendi x A 1 9 . The va l ue  
i ndi cates that the effect of s teel fi bers on the  force eq u at i on i s  
hi gh ly  s i gn i fi can t . Therefore , Equati on ( 6 . 20) can be mod i fi ed  to 
cal cu l a te the vert i ca l  s hea r force F4 as : 
( 6 . 22 )  
where : 
Ps = % s teel  fi bers . 
Ta bl e 6 . 22 i l l u s trates the val ues of the verti ca l  s hea r fo rce 
ca l cu l a ted by u s i ng Equat i on ( 6 . 20) , and the perce nt devi a t i on by 
u s i n g the mod i fi ed E q uat i on ( 6 . 22 ) � 
3 )  For  Groups G3  and  G4 combi ned :  
Th e l i ne has  an  i nte rcept val ue of 0. 97  and  a s l ope of 0 . 74 .  
I t ha s an F va l ue o f  55 . 08 as shown i n  Appendi x A20 . Th i s  va l ue 
. TABLE 6 . 21 
COlf>ARISO� OF EQUATION 6 . 20 AND 6 . 21 
ca l cu l ated modHi ed 
group beam I of steel force F4 ( l bs )  force F 4 • ( 1 bs ) I dev i at ion number number fi bers �n 6 . 20 �n 6 . 21 from �n 6 . 20 
8 1 o .o 3878 4224 8.9  
Gl 8 7 0 . 8  6467 5808 -1 0 . 2  
814 1 . 2 6600 6600 o . o  
B 2 o.o 6 189 4224 -31 . 7  
G2 B 9 0 .8  6600 5808 -1 2 . 0  
816 1 . 2 6600 6600 o.o  
B 5 0 . 0  3541 4224 1 9 . 3  
GJ B1 1 o .8  5536 5808 - 4 . 9  
B1 5 1 . 2 6600 6600 o .o  
B 6 0 .0  31 99 4224 32 . 0  
G4 B1 3 0 . 8  4571 5808 27 . 1  
B1 8 1 . 2 6360 6600 - 3 . 8  
TABLE 6 .22 
COt1PARISON OF EQUATION 6 . 20 AND 6 . 22 
beam 
calculated modified group S of steel force F 4 ( 1 bs ) force F 4 • ( 1 bs ) S dev i at ion 
number number fi bers egn 6 . 20 �n 6 . 22 from eqn 6 . 20 
Bl o .o 3878 5148 32 . 7  
Gl 87 0 . 8  6467 631 0  - 2 . 4  
8 14  1 . 2 6600 6890 4 .4 
B 2 0 .0  61 89 51 48 -1 6 .8 
62 B 9 0 . 8  6600 6310  - 4 . 4  
81 6 1 . 2 6600 6890 4. 4  
........ 
16 1 
i nd i ca tes that · the effect of s teel fi bers on the force equat i on i s  
hi gh l y  s i gn i f i cant . Therefore , Eq uati on ( 6 . 20) can be mod i f i ed to 
cal cu l ate the vert i ca l  s hear fo rce F4 as : 
where : 
F '  = ( 0 . 25  + 0 . 19 p ) A h f 4 s s y 
P
5 
= % s teel f i bers . 
( 6 . 23) 
Ta bl e 6. 23  i l l u s trates the va l ues of  the vert i ca l  s he a r  force 
ca l cu l ated by u s i ng  · Equati on  ( 6 . 20) , and the pe rcent  dev i a t i on  by 
us i n g t he mod i fi ed Equ a t i on ( 6 . 23) .  
4) Group GS : 
The 1 i ne ha s an  i n tercept va l ue of 1 .  0 and a s l ope of  O.  2 3 . 
It has a n  F va l ue of  1 6 . 1  a s  s hown i n  Appendi x A2 1. Th i s  F va l u e  i s  
l ess than the tabu 1 a ted va l ue o f  16 1 .  4 i n  re ference ( 1 5) . Equa t i on 
( 6 . 20) can be mod i f i ed a s : 
( 6 . 24) 
where :  




63 B 1 1 
B1 5 
B 6 





GS B1 0 
B1 7 
TABLE 6 . 23 
COMPARI SON OF EQUATION 6 . 20 AND 6 . 23 -
ca l cu l ated mod i fi ed 
% steel force F4 ( l bs )  force F 4 • ( l bs ) fi bers egn 6 . -20 egn 6 . 23 
o .o 3541  3300 
0 0 8  5536 5306 
1 . 2 6600 631 0 
o .o 31 99 3300 
0 . 8  4577 5306 
1 . 2 6360 631 0 
TABLE 6 . 24 
COMPARISON �F EQUATION 6 . 20 AND 6 . 24 
ca l cu l ated modi fi ed 
% steel force F4 ( l bs )  force F4
1 ( l bs )  
fi bers egn 6 . 20 egn 6 : 24 
o .o  51 88 51 48 
0 . 8  6461 6098 
1 . 2 6600 6574 
% dev i at i on 
from eqn 6 . 20 
- 6 . 8  
- 4 . 2  
- 4 . 4  
3 . 2  
1 6. l 
- 0 . 8  
% dev i ati on 
from eqn 6 . 20 
- 0 . 8  
+ 5 . 6  
- 0 . 4  
1---' 
0) 
Table 6. 24 ill ustrates the values of the vertical shear force 
calculated by using Equation (6. 20 }, and the percent deviation by 
applying the modified Equation (6. 24). 
6. 5. 5 Summary of Predicted Analysis by Sections 6. 5 . 1  Through 6 . 5 . 4 
The magnitude of the ultimate reaction Vn was predicted as: 
where: 
F = 2bd � 1 'J I C 
F 2 = Avh fvh and K 2 = 1. 0 
F3 = As fs and K3 � 0. 10 
F 4 = Ash fsh and K 4 = 0 . 5 
(6. 5) 
(6.6) 
(6 . 9) 
(6.1 5) 
(6. 20) 
However, the magnitude of each force was enhanced by the 
presence of steel fibers. Therefore statistical linear regression 
analyses . were performed to fit the best 1 i nes through the values of 
these forces, resulting with a new modified equation to predict the 
ultimate modified reaction V ' : n 
V '  = F '  + F '  + F '  + F '  n 1 2 3 4 (6. 25) 
where the va 1 ues of each i ndi vi dua 1 force depended on the data cor­
responding to the specimen groups that were tested. H�nce, the actual 
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magnitude of .the ultimate 
comparisons as follows : 
reactions V can be used for ·n(actual) 
1) For Groups Gl, G2, G 3  and G 4  combined : 
Equation ( 6.25) is composed of the following forces : 
F ' -1 - 2bd � (1 + 0.07 Ps) f � ( 6. 7) 
F2 = ( 0.16 + 0. 3 4  Ps) Avh fy ( 6.10) 
F '  3 = (0.08 + 0 . 0 1 p s ) As f y ( 6.16) 
F '  = ( 0.32 + 0.15 ps) Ash fy (6.21) 4 
Table 6.25 illustrates the summation of the forces calculated 
by the predicted value Vn, the modified value V �, and their deviations 
from the actual value [ Vn (actual) J. 
2) For Groups G l and G2 combined : 
Equation (6.25) is composed of the following forces : 
F '  - 2bd 1 - (1 + 0.07 p 5) 
f� 
F '  2 = (0.17 + 0 . 32 Ps) Avh fy 
F '  = ( 0.07 + 0.01 Ps) As fy 3 






Table 6.26 illustrates the sum of the forces calculated by the 
predicted value V , the modified value V ' ,  and their deviations from n n 











G3 81 1 
81 5 
86 
G4 81 3 
B1 8 
TABLE 6 . 25 
PREDI CTED ANALYS I S  OF FORCES IN  GROUPS Gl , 62 1 G3 AND G4 COft31NED 
vn ( l bs ) vn • ( l bs ) 
s devi ations 
S steel predi cted modi fi ed Vn( actual ) ( l bs ) ( V�-Vn ) [Y�-Vn{actua1 } 1 fi bers eqn 6 . 5  eqn  6 . 25 tested 
vn Vn{actua l}  
o .o 9030 8979 9900 - 0. 6 - 9 . 3 
0.8  1 261 3. 1 2635 1 3930 0.2 - 9 . 3  
1 .2 1 4729 1 4466 1 5489 - 1 . 8 - 6.6  
o.o 9968 7923 10770 -20.5 -26.4  
0.8 10598 9784 1 1 758 - 7.7 -1 6 . 8  
1 . 2 1 0562 1071 7 1 271 0 1 . 5 - 1 5.1 
o.o 7722 8331 7401 7 . 9  1 2. 6  
0 . 8  1 1 1 85 1 1 952 9843 6 . 9  21 . 4  
1 . 2 1 3954 1 3765 1 21 76 - 1 . 4 1 3 . 1  
o.o 6094 7275 6292 1 9 . 4  1 5. 6  
o . 8  7739 9101 8955 1 7 . 6  1 . 6 
1 . 2 9538 1001 6 9843 5.0 1 . 8 
[Vv-Vnlactual } 1 
Vn{actua l }  
- a . a  
- 9. 5 
- 4 . 9  
- 7 . 5  
- 9 .9  
-16 .9  
4 . 3  
1 3 . 6  
1 4 . 6  
- 3 . 1  
1 3 . 6  
- 3 . 1  
.­°' 
u, 
TABLE 6 . 26 
PREDI CTED ANALYS I S  OF FORCES I N  GROUPS Gl ANO G2 COttJ INEO 
I deviations 
Vn ( l bs )  Vn ' ( l bs } v . ( l bs )  (Vn'-Vn) [Yn'-Vn(actua1 ) 1 (Yn-Vn(actua 1) 1 n( actua l ) ---- -�---- --- ----- ---group beam % steel predicted modifi ed tested Y0 Vn( actual ) Vn( actual ) number number fi bers egn 6 .5  egn 6 . 25 
81 o .o  8947 1 0000 9900 1 1 . 8 1 . 0 - 9 . 6  Gl 8 7  0 . 8  1 2574 1 31 30 1 3930 4 . 4  - 5 . 7 - 9 . 7  
B1 4 1 . 2 1 4687 1 4696 1 5489 0 . 1 - 5. 1 - 5. 2 
82 o .o  9887 8878 1 0770 -1 0 . 2  -1 7 . 6  - 8. 2 
G2 B9 o .8  1 0559 1 031 8 1 1 758 - 2 . 3 - 1 2 . 2  -1 0 . 2  
8 16  1 . 2 1 0520 1 1 040 1 271 0 4. 9 -1 3 . 1  -1 7 . 2  
TABLE 6 .27 
PREDICTED ANALYS IS  OF FORCES I N  GROUPS G3 AND G4 COtt3INED 
V (16s) V 1 (lbs) V { l bs )  i devfat1ons 
group beam S steel p�edi cted �ifi ed n( actual ) {Vn'-Vn) [yn•-Vn(actua1)1 lVn-Vn(actua1)1 tested . ---- --- _, ___ __ _number number fi bers eqn 6 . 5  eqn 6 . 25 Vn Vn(actual )  Vn(actual )  
8 5  o . o  7834 7372 7401 - 5. 9 - 0 . 4  5 .  9 
GJ 81 1 o.a 1 1 304 1 1 594 9843 2 . 6  1 1  . a  1 4 .a  
81 5 1 . 2 1 4026 1 3708 ' 1 21 76 - 2 . 3  1 2 . 6  1 5 . 2  
86 o.o 61 88 6382 6292 3 . 1  1 . 4 - 1 . 7 
G4 B1 3 o.a 7846 8756 8955 1 1 . 6 - 2 . 2  -1 2 . 4  




3) For Groups ·G 3  and G4 combi ned : 
Equati on (6.25) i s  composed of the followi ng forces: 
F ' = 2bd 1 ( 1 + 0.07 PS) f� 
F '  = 2 
F '  = 3 
F '  -4 -
(0.15  + 0.35 ps) Avh fy 
(0.09 + 0.02 p ) A f s s y 
(0.25 + 0.19 Ps) Ash fy 




Table 6.27 i llustrates the sum of the forces calculated by the 
pred icted value V , the mod if ied value Vn' , and thei r deri vati ons from n 
the actual value [ V  J n (actual) 
4) For Group G5 : 
Equati on (6.25) i s  composed of the followi ng forces : 
F '  = 2bd 1 ( 1  + 0.07 Ps) f� 
F ' = 2 (0 . 60 + 0.14 ps) Avh fy 
F I = 3 (0.08 + 0.02 ps) As fy 
F '  -4 - (0.39 + 0.09 Ps) Ash fy 




Table 6.28 i llustrates the sum of the forces calculated by the 
pred icted value V , the mod i fi ed value V
1
, and thei r dev i ati ons from 
n . n 
the actual value [V ( t l)]. n ac ua 
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group beam I steel 
number number fi bers 
B3 o.o 
GS 810 o.8 
81 7 1 . 2 
TABLE 6 . 28 
PREDI CTED ANALYS IS  OF FORCES I N  GROUP GS 
Vn( l bs }  Vn ' ( l bs ) · Vn ( actua l ) ( l bs )  ( Vn ' -Vn ) 
predi cted modi fi ed tested vn eqn 6 . 5  eqn 6 . 25 
1 2739 1 2682 1 0952 - o .-4 
1 4665 1 4774 1 2772 0.7 
1 5749 1 5824 1 3831 0 . 5 
I deviati ons 
[Vn ' -Vn(actua1 ) 1 [Vn-Vn(actua1 ) 1 
Vn( actual ) Vn( actual ) 
1 5 . 8  1 6 . 3 
1 5 . 7 1 4 . 8  




6 . 5. 6 Alternate Prediction Analysis of the Ultimate Reaction 
[ Vn (actual ) ]. 
The magnitude of the ultimate reaction V was predicted as : n 
( 6 .  5 ) 
However, the magnitude of Vn was enhanced by the presence of 
steel fibers. Therefore, the statistical linear regression analyses 
that were performed to fit the best lines through the va 1 ues of V n 
predicted resulted in a new modified equation to predict the ultimate 
alternate modified reaction V 11 : n 
( 6 . 2 6 )  
where m equa 1 s the II intercept � slope of the 1 i ne, 11 depending on the 
data corresponding to the specimen groups that were tested. 
Hence, the actual magnitude of the ultimate reactions 
Vn(actual ) can be used for comparisons as follows : 
1 )  For Groups Gl, G2, G 3  and G4 combined : 
The line has an intercept value of 0. 99 and a slope of 0 . 42. 
It has an F value of 1 3. 1 3 as shown in Appendix A22. This value 
indicates that the effect of s teel · fibers on Equation ( 6. 5 )  is signi­
ficantly high. Therefore, Equation ( 6. 5 )  can be modified to calculate 
the ultimate alternate modified reaction V � :  
1 6 9 
V � = [ 1 + 0. 42 P.s] [ 
( 2 bd � f �) + ( Av hf vh ) 
+ ( 0. 1 0  Asf5) + ( 0.5 Ash 
f
5 h) J 
wher� : fv h ' fs, fsh are those stresses shown in  Tab l e 5.5 
P = % steel fi bers. s 
( 6. 27) 
Table 6. 29 i llustrates the pred i cted V , the mod i fi ed values n 
V '  the alternate mod i f i ed values V" and the devi at i ons from the n '  n 
actual values V n ( actual). 
and V" 
I t  a 1 so shows the % devi ati on between V '  n 
n ·  
2) For Groups Gl and G2 comb i ned : 
The li ne has an i ntercept value of 1. 0 and a sl ope of 0. 29. 
I t  has an F value of 2. 31 as shown i n  Append i x  A2 3. Th i s  F value i s  
less than the tabulated value of 7. 71 in  reference ( 15), wh i ch 
ind i cates that Equati on ( 6. 5) would be i nsi gn i fi' cantly affected by the 
presence of steel fi bers. 
Neverthel ess, Equati on ( 6. 5) can be mod if i ed to calculate the 
u lt imate alternate mod i f i ed reacti on V� : 
v� = [ l + 0. 29 Ps] [ ( 2  bd � f�) + ( Avhf v h) 
+ ( 0. 1 0 Asfs) + ( 0.5 Ash 
f5 h ) ] 
where :  fvh ' fs, fsh are those stresses 
shown in  Table 5.5 
P = % steel fi bers. s 
( 6. 28) 
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group beam S steel 
number number fi bers 
Bl  o.o 
Gl 87 0.8 
8 14  1 . 2 
82 o.o 
G2 89 0.8 
816 1 .2 
85 o.o 
63 81 1 0 .8 
81 5 1 .2 
86 o.o 
G4 81 3 0.8 
81 8 1 .2 
TABLE 6 . 29 
COMPARISON OF PREDI CTED ANALYS IS IN  GROUPS Gl , G2 , GJ AND G4 COtllINED 
Vn( l bs )  vn 
I ( l bs )  V " ( l bs )  n 
predi cted modi fied a l ternate 
eqn 6. 5 eqn 6.25 modi f i ed 
egn 6 .27 
9030 8979 9030 
1 261 3 1 2635 1 1 976 . 
1 4729 1 4466 1 3496 
9968 7923 9968 
1 0598 9784 1 3220 
1 0562 1071 7 1 4898 
7722 8331 7722 
1 1 1 85 1 1 952 1 0241 
1 3954 1 3765 1 1 541 
6094 7275 6094 
7739 9101 8082 
9 , 538 10016 9108 
Vn( actual 
( l bs ) . vn•-vn tested y n 
9900 o.o 
1 3930 - 5 . 1  
1 5489 - 8.4 
1 0770 o.o 
1 1 758 24. 7  
1 2710 41 . 1  
7401 0 . 0  
9843 - 8 .4  
1 21 76 -1 7 . 3  
6292 0 . 0  
8955 4 .4  
9843 - 4 . 5 
S deviations 
[Vn" -Vn{actua1 } 1 
Vn{actual} 
- 8. 8 
-1 4 .0  
-1 2 . 9  
- 7 .4  
1 2 . 4 
1 7 . 2  
4.3  
4 .0  
- 5.0 
- 3 . 1 
- 9 . 7  
- 7 . 5  
V • -v ' n n 
V I n 
0 . 57 
- 5 . 2  
- 6 . 7  
25.8 
35. 1 
39 .0  
- 7 . 3  
- 1 4 . 3  
-1 6 . 2  
-1 6 . 2  
-1 1 . 2 
- 9 . 9  
[ Vn ' -vn,actua 1} 1 
Vn(actual } 
- 9. 3 
- 9. 3 
- 6 . 6  
-26 . 4  
- 16 .8  
-1 5 . 7 
1 2 . 6  
21 .4  
1 3. 1  
1 5.6 
1 . 6 
1 .0 
� ......... � 
Table 6.30 illustrates the predicted V , the modified values n 
V�, the alternate modified values V�  and the deviations from the 
actual values Vn (actual ) · It also shows the percent deviation between 
V '  and V "  n n ·  
3 )  For Groups G 3  and G4 combined : 
The line has an intercept value of 0.98 and a slope of 0.54. 
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I t  has an F value of 32.19 as shown in Appendix A24. This F value is 
greater than the tabulated value of 7. 7 1  in reference ( 15 ) , which , 
indicates that Equation (6.5 )  would be significantly affected by the 
presence of steel fibers . Equation (6.5 )  can be modified to calculate 
the ultimate alternate modified reaction V� :  
where : 
v � = [l + 0.54 Ps] L (2 bd ✓f� ) + . (Avhfvh ) 
+ (0. 1 0  Asfs ) + ( 0.5 Ash fsh ) J 
f f f h are those stresses sh
own in Tabl e  5.5 
vh ' s ' s 
Ps = % steel fibers. 
( 6 . 29 ) 
Table 6.31 illustrates the predicted V n, the modified values 
V� ,  the al ternate modified values V �, and the deviations from the 
actual va l ues v It  also shows the percent deviation between n ( actual ) · 
V ' and V 1 1  n .  n · 
group beam S steel 
number number fi bers 
81 o.o 
61 87 0.8 
814 1 .2 
82 o.o 
G2 B9 0.8  
B 16  1 . 2 
group beam I steel 
number number fi bers 
B5 o.o 
63 81 1 0.8 
81 5 1 .2 
86 o.o 
G4 81 3 0 .8 
818 1 .2 
TABLE 6 . 30  
COtf>ARISON OF PREDICTED ANALYS IS  I N  GROUPS Gl AND G2 COteINED 
Vn( l bs )  vn • ( l bs )  Vn " ( l bs )  
predi cted 1110di f1ed al ternate 
eqn 6 . 25 modi fi ed eqn 6 . 5  
eqn 6 .28 
8947 10000 8947 
1 2574 1 31 30  1 1056 
14687 1 4696 1 2 1 09 
9887 8878 9887 
1 0559 1 031 8 1 22 1 7  
1 0520 1 1 040 1 3381 
vn (actua l ) S dev i at ions 
( l bs )  
yn•-vn [ Vn" -vn,actua1} 1 tested 
vn 9n,actuall 
9900 o.o - 9.6 
1 3930 -1 2 . 1  -20.6 
1 5489 -1 7 . 6 -21 . 8  
1 0770 o.o - 8. 2 
1 1 758 1 5. 7  3 . 9  
1 2-10  27 . 2 5 . 3  
TABLE 6 . 31 
COl1PARISON OF PfiEDI CTED ANALYS IS  IN  GROUPS G3 AND G4 COttilNED 
Vn( l bs )  Vn ' ( l bs )  V " ( l bs )  n Vn( actual ) S dev i ations 
predi cted modi fi ed al ternate ( l bs )  V/-Vn [ Y/-Vn,actua1} 1 eqn 6 . 5  eqn6. 25 modi f ied tested 
vn Vniactual} eqn 6 , 28 
7834 7372 7834 7401 0 .0  5 .9  
1 1 304 1 1 594 1 1081 9843 - 2.0 1 2 . 6  
14026 1 3708 12782 1 21 76 - 8.9 4 . 9  
6188 6382 6188 6292 0 .0  - 1 . 7 
7846 8756 8753 8955 1 1 . 6 - 2 . 3  
9602 9946 10097 9843 5 .2  2 . 6  
v •-v • n n 
V I n 
-1 0 . 5 
-1 5 . 8  
-1 7 . 6  
1 1 . 4 
1 8 .4  
21 . 2  
V 11-V I n n 
V I n 
6 . 3  
- 4 . 4  
- 6 . 8  
- 3 . 1  
- 0 .03 
1 ,5 
[ Vn ' -vn,actua1} 1 
vn,actual}  
1 . 0 
- 5. 7 
- 5 . 1  
-1 7 . 6  
-1 2 . 2 
-1 3 . 1  
[ Vn ' -Vn(actua1} 1 
vn,actual }  
- 0 . 4  
1 7 .8  
1 2 . 6  
1 . 4 
- 2 . 2  
1 . 0 
...... 
-.....,J w 
4) For Group G5 : 
The line has an intercept value of 0.99 and a slope of 0.20. 
It has an F value of 1 109.9 at a confidence level of 95%, as shown in 
Appendix A25. This F value is higher than the tabulated value of 
1 6 1.4 in reference ( 15),  which indicates that Equation (6.5) would be 
significant 1 y affected by the presence of s tee 1 fibers. The ref ore, 
Equation (6.5) can be modified to cal culate the ultimate alternate 
modified reaction V� : 
where : 
v� = [1 + 0.20 Ps] [(2 bd Jf�) + (Avhfvh) 
+ (0. 1 0  Asfs } + (0.5 Ash fsh) ] 
f h ' f ,  f h are those stresses shown in Tabl e 5.5 V S S 
Ps = % steel fibers. 
{ 6.30) 
Table 6.32 illustrates the predicted Vn, the modified values 
V ' , the a� ternate modified values V ", and the deviations from the n n 
actual values V ( t l) " It also shows the percent deviation between n ac ua 
V '  and V 1 1· n n ·  
6. 5. 7 Discussion of Pred i-cted Analysis : 
1) For Groups Gl, G2, G3  and G 4  combined : 
Table 6.25 shows a maximum of 19. 6% and a minimum of 3.1% 
deviations between the predicted ultimate strength (Vn) and the actual 
ultimate strength Vn(actual) · 
17 4 
group beam S steel 
number number fi bers 
83 o.o 
GS 810 0.8 
81 7 1 . 2 
TABLE 6 . 32 
COMPARISON OF PREDICTED ANALYSI S  IN GROUP GS 
Vn( l bs )  V/( l bs )  Y/ ( l bs )  Vn (actual ) S devi ations 
predi cted 110d1 f1ed al ternate ( l_bs ) vn·-vn (Vn
11 -Vn{actua 1} 1 eqn 6 . 5  eqn 6. 25 modi fi ed tested 
Vn{actual } eqn 6 . 30 
12739 1 2682 12739 1 0952 o.o 1 6 . 3  
1 4665 1 4774 147 1 7 1 2772 0.4  1 5 .2  
1 5749 1 5824 1 57 1 5 1 3831 - 0.2 1 3. 6  
v •-v • n n 
V I n 
0 . 5  
- 0.4 
- 0 .7  
( Yn ' -Vn{actua 1} 1 
9n{actual l  
1 5 . 8  
1 5. 7  




When comparing tables 6 . 25 and 6.29, another maximum value of 
20 .5% deviation between the modified predicted ultimate strength (V�) 
and the predicted ultimate strength (V ) can be seen. It is two times n 
lower than a maximum value of 41. 4% deviation between the alternate 
modified predicted ultimate strength (V�) and the predicted ultimate 
strength (Vn ). 
2 )  For Groups Gl and G2 combined: 
Table 6. 26 shows a maxi mum of 17 .2% and a minimum of 5 . 2% 
deviation between the predicted ultimate strength ( Vn) and the actual 
ultimate strength V ( t l) · n ac ua 
When comparing tables 6 . 26 and 6. 30, another maximum value of 
11 . 8% deviation between the modified predicted ultimate strength (V�) 
and the predicted ultimate strength (Vn) can be seen. I t  is two times 
lower than a maximum value of 27 . 2% deviation between the alternate 
modified predicted ultimate strength (V�) and the predicted ultimate 
strength (V n) . 
3) For Groups G3  and G4 combined : 
Table 6. 27 shows a maximum of 15 .2% and a minimum of 2 . 4% 
deviation between the predicted ultimate strength ( Vn) and the actual 
ultimate strength V ( t l) " . n ac ua 
When comparing tables 6 . 27 and 6. 31, another maximum value of 
11. 6% deviation between the modified predicted ultimate strength ( V�) 
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and the predicted ultimate strength (Vn) can be seen. It is the same 
as the maximum percent deviation between the alternate modified 
predicted ultimate strength (V� ) and the predicted ultimate strength 
(Vn) .  
4 )  For Group GS: 
Tab 1 e 6. 28  shows a maxi mum of 16 . 3% and a mini mum of 13 . 9 %  
devi.ation between the predicted ultimate strength (V
0
) and the actual 
ultimate strength Vn (actual) · 
When comparing tables 6.28 and 6 . 32 ,  another maximum value of 
0.7% deviation between the modified predicted ultimate strength (V�) 
and the predicted ultimate strength (Vn ) can be seen. It is slightly 
higher than the maximum value of 0. 4% deviation between the alternate 
modified predicted ultimate strength (V� ) and the predicted ultimate 
strength (Vn ).  
Therefore, the following conclusions can be made for the 
different group categories: 
I ) The predicted ultimate strength (Vn) is within a reason-
able range of deviation from the actual ultimate strength Vn(actual ) 
and therefore can be adopted. 
II) Crude values are calculated by the alternate modified 
_predicted ultimate strength (V� ) equations ; thus, the modified pre­
dicted ultimate strength (V� ) equations can be adopted to determine 
the effect of steel fibers. 
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6. 6 Discussion on the Actual Strength V ( t l)
. 
n ac ua 
I ) New expressions were developed in section 6. 5  to calculate 
the strength of the connection when steel fibers were used. 
II ) Table 5. 5 shows the effect of the variation in the ratio 
of the extended -end depth (h ) to the total depth (H) on the capacity 
of the connection as follows : The actual ultimate strength V ( t l )  n ac ua 
for specimen B1 5 of Group G3, with (h/H) = 0.4 and 1 � 2% steel fibers, 
is equal to 1 2. 2  kips, whereas the actual ultimate strength V n (actual) 
for specimen Bl of Group Gl with (h/H) = 0. 5 and 0. 0% steel fibers, is 
equal to 9. 9 kips. These figures suggest that steel fibers increase 
the strength of the connection, which enables the construction depth 
of a precast conirete floor or roof structure to be reduced. 
III) In reviewing Section 5. 5. 3, "cracking characteristics 
and behavior of test specimens, 1 1 it is essenti a 1 that the performance 
of a dapped -end beam connection be determined. The PCI Design Hand­
book (11) provides for shear-reinforcement in the form of both 
vertical and horizontal stirrups in the extended end (Av ) and (Avh ) ,  
respectively. To simplify the reinforcement details of the connection 
in this research, the reinforcement (Av ) was not used in any of the 
test specimens, though the reinforcement (Avh) was used in some 
specimens for comparisons. The following observations can be made: 
1) For all five specimens with 0. 0% steel fibers, conspicuous 
diagonal cracks (shown as cracks No. 4 in Figure 2.1) appeared 
abruptly, forming an arch above the reaction plate in the extended end 
connecting to the applied load plate. These cracks were the major 
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fa i l u re mode·s ,  a nd they were c l a s s i fi ed as  s h ear  fa i l u re i n  the 
extended e nd . Th i s  fa i l u re a l l owed on l y  67% of th e d e s i gned v a l u e  of 
V n to be a c h i e ved . Th i s  prema ture fa i l u re was due  to the excl u s i o n of  
the  vert i c a l  s ti rrups ( Av ) i n  the  exte nded end . 
2 )  On l y  two ou t o f  fi ve s pec i mens wi th 0 . 8% s tee l  f i b ers , h ad 
devel oped s l ow ly  appea ri ng  di agona l cracks i n  the e xtended e n d , s hown 
as c ra c k  No . 4 by F i g ure 2 . 1 ,  whi ch  formed an arc h  above th e reac ti on  
pl ate connecti ng  to  the  a ppl i ed l oad pl ate a nd l ed to  s hear  fa i l u re .  
Th i s  fa i l u re a 1 1  owed o n l y  79% of the des i gned va 1 u e  of V n to be 
ach i eved . The other  th ree s pec i mens deve l o ped d i agona l  cracks  a bove 
the  p l ate at  73%  of  the actual  V , but were not the  maj o r  fa i l u re . n 
mode . The i r a ctua l  fa i l u re mode wa s a s hea r fa i l u re a t  the re -e ntrant  
corner of the  da pped end s , ( a s  was a ssumed to ta ke p 1 ace  i n  Sec  ti  on  
4 . 3 ) at  83%  of the des i gned va l ue  V n . Th i s h i g her pe rcentage i s  
expl a i ned by the i mprovement i n  the concrete s hear s trength ( Ve ) due 
to the h i g her bond be twee n th e c ement and the f i bers . In  genera l , 
0 . 8% s te e l  f i bers s hou l d  not be co ns i dered enough  to s u bs t i tute for 
the excl us i on of the verti c a l  st i rru ps ( A ) i n  the extended e nd . 
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3 )  Al l fi ve  s pec i men s wi th 1. 2% s teel  fi bers devel oped very 
fi ne , short d i  agona 1 crac ks i n  the extended end above the  reacti on 
pl ate , but d i d not form a comp l ete arch to the appl i ed l oad  pl a te .  
Thei r devel opment wa s at  74% of . the actual  reacti on V n . Not s u rpr i ­
s �ng l y , the maj or s he a r  fa i l u re mode occurred at the re-en tra nt 
corner , as  was a s s umed to have  ta ken p l a ce i n  Sec t i on 4 � 3 when 95%  of 
the des i gned rea c ti on v a l ue  v wa s reached . Aga i n ,  th e i mprovement i n  n 
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the concrete shear strength (Ve) is due to the higher bond between the 
cement and the fibers . Therefore, 1.2% steel fibers can be considered 
proficient enough to substitute for the vertical stirrups (A ) in the 
V 
extended end, which would allow dapped -end connections to safely carry 
th�ir designed loads. 
4) Those specimens with longer loading arms discussed in 
Section 4.3 (crack No. 5, Figure 2.1) never occurred. In other words, 
no diagonal tension failure occurred in the undapped portion. 
Surprisingly, the effectiveness of the horizontal stirrups (Avh) 
reinforcement was almost four times higher for the specimens with 
longer loading arms than for the other specimens. 
6.7 Comparison of Some Results to other Researches. 
The effect of steel fibers on some of the physical properties 
of concrete was tested. The resul ts obtained in this research were 
somewhat similar to the results obtained by Musa (9) and Sahebjam 
( 1 3) . The comparison of the conclusions are as follows : 
1) Compressive Strength : 
The compressive strength of fibrous concrete is slighlty 
higher than that of plain concrete. The percentage obtained in this 
research is 6. 5% where 4000 � f� � 4500 psi. 
Musa ( g) noted an increase of 7 . 1%, where 5000 � f � � 8000 
psi. 
Sahebjam ( 1 3) noted an increase of 6.2%, where 4000 � f � � 
5000 psi.· 
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2 )  Modul us of Elastic ity :  
The Modulus of Elastic ity of fi brous concrete i s · less  than 
that of plai n concrete. The equati on obta ined i n  thi s  research i s :  
4000 � f '  � 4500 
C 
( 6.1) 
Musa ( 9) concluded that the decrease i n  the Modulus of Elasti c ity of 
fi brous concrete i s  as follows : 
5000 � f � � 8000 
Sahebjam ( 1 3 )  cone 1 uded that the decrease of the Modulus of 
Elastici ty of fi brous concrete i s  as follows : 
400 0 � f � � 5000 
The d i fference in the three equati ons i s  caused by the d i fference i n  
the compres s i ve strength of the concrete used . 
3) �lit Cyli nder Strength : 
The tens ile strength of fi brous concrete for concrete compres-
sive strength of 4000 ps i to 4500 ps i can be calculated by the 
following equati on obta i ned from thi s research : 
( 6 . 2 )  
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Musa . ( 9 ) used the ·follow i ng equat i on for calculat i ng the 
tensi le strength of fi brous concrete for 5000 � f� � 8000 psi .  
Sahebjam (13 )  used the following equat ion for calculat i ng the 
tensi le strength of fibrous concrete for 4000 � f '  � 5000 psi . . C 
4) Modulus of Ruptu re :  
The research projects i nd i cated that when steel fi bers are 
used there are two stages of flexu re fa i lure : a) fi rst modulus of 
·rupture , b) ulti mate modulus of rupture . 
a) F i rst Modu 1 us of Rupture : The equati on der i ved i n  this  
research i s  as follows : 
f rs ; = ( 7 • 5 + 2 . 6 p s ) � 4000 .,s f � � 4500 ps i ( 6 . 3 ) 
Musa ( 9) concluded a sli ghtly di fferent equat i on 
f rs ; = ( 7 . 5 + 3 . 4 p s ) R 5000 " f � .:, 8000 ps i 
Sahebjam ( 13 )  arr ived at the same equat ion as thi s  research 
has concluded :  
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frsi = (7. 5 + 2. 6 Ps ) � 400 0 � f� � 5000 psi 
b )  Ultimate Modulus of Rupture: The equation derived in this 
research is a s  follows : 
Frsu = (7. 5 + 4.9 Ps ) {Ff 4 0 0 0  � f� � 4 5 0 0 psi (6. 4 )  
Musa (9 ) arrived at the following: 
Frsu = (7. 5 + 6.1 Ps ) ff 500 0 � f� .,: 8000 psi 
Sahebjam ( 13 )  arrived at a slightly different equation: 
F rs u = ( 7. 5 + 4. 3 5 p s ) J f � 4000 .,: f � .,: 5 0 0 o psi 
The difference between the conclusions of the three results 
i s  ma inly caused by the difference in  the compressive strength of the­
concrete used. In high strength concrete, the fibers wi 1 1  be more 
effective in increasing the tensile strengths in bending than in 
normal strength concrete. 
Until currently, very little research had been done on dapped­
end beam connections with steel fibers. Therefore, the only principal 
comparisons that can be made between the results of this study and the 
Other studies cited in Chapter II would be based primarily on the 
Provisions of the vertical stirrups in the extended end. 
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I n  �he Ra th s tests  ( 7 ) , no vert i ca l  st i rrups  were us ed i n  the 
exte nded end , and the f i na 1 fa i 1 u re of a 1 1  of the nonfi  b rous  - rei n­
forced spec i mens  wa s a res u l t of compress i on i n  the extended end . The 
fa i l ure started as d i a gonal  ten s i on crac k i ng , wh i c h  eventua l l y out­
l i ned an  arch between the react i on and the appl i ed l oad . In  fact , 
th i s  fa i l u re had occu rred i n  severa l  of the s pec i mens befo re the 
pr i ma ry ho ri zonta l rei nforcement (As ) or the hanger ba rs ( As h ) , 
i l l ustra ted i n  F i gure 2 . 2a ,  y i e l ded . Thi s fa i l ure l ed to the recom­
mendat ions  i n  the PC I Des i gn Handbook ( 1 1 )  for verti ca l re i nforcement  
( Av ) in  the  extended end . 
I n  the Mattock  a nd Chan tes ts ( 8 ) , no vert i ca l  st i rrups  were 
used i n  the extended end of the non-fi b rous re i nforced s pee i mens . 
The i r fa i l ure showed di agonal  cracki ng i n  the extended end , wh i ch may 
cause a poten t i a l  fa i l ure mode . Prematu re compres s i on fa i l u re d i d  not 
occur , however . 
An exami na ti o n  of the re i nforcement deta i 1  s fo r  both Rath s 
tes ts and Mattoc k-Chan  tes ts ( 7  , 8 ) , F i gure 2 . 3 may show why . I n  
Fi gure 2 . 3b ,  for the Ma ttoc k-Chan tes ts the hori zontal ba rs Avh had 
more pos i t i ve ancho rage and were better d i str i buted ; The s pec i mens  
a 1 so had per i  mter " frami ng bars I I  whi ch were not i nc 1 uded i n  the 
des i gn .  In F i g u re 2 . 3a ,  the l ow pl acement of the Avh s ti rru ps  a nd the 
u se of frami ng ba rs permi tted the cracks  to bypa s s  the s t i rrups and 
proceed un i nterrupted to the l oad po i nt . Al so , wh i l e  the Ma ttoc k - Chan 
tes ts di d not i nd i cate a need for the vert i ca 1 rei nforc ement i n  the 
extended end ( Av ) , the i r report recommended s uch rei nforcement  be u s ed 
i f  the rati o of a/d exceeds one , F i gure 2 . 2a .  
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For this research, no vertical stirrups (Av) were used and the 
major failure mode of the non-fibrous specimens was a conspicuous 
diagonal crack (Crack No. 4, Figure 2.1) that appeared abruptly. It  
formed an arch above the reaction plate in the extended-end that 
connected to the applied load plate, and it was classified as shear 
failure mode. In fact, this failure had occurred before the primary 
horizontal reinforcement (As) or the vertical stirrups (Ash) yielded. 
An examination of the reinforcement details in Figures 3. 6 and 
3.7 indicate the extreme similarity to the reinforcement details of 
the Mattock-Chan tests in Figure 2 .3b. Al so the ratio of a/d for 
specimens with extended end depth (h) = 5 in. was one, as the Mattock­
Chan tests recommended. Nevertheless, for the fibrous specimens with 
1.2% steel fibers tested in this research the major failure mode was 
at the re-entrant corner of the dapped end (Figure 2.1 , Crack No. 2 )  
as was expected in Section 4. 3. This failure was due to the increase 
in the bond of the concrete sections above the dapped end that was 
used to prevent any shear failure in the extended end. This addition 
of 1.2% steel fibers did not only prevent the premature failure in the 
extended end , but also resulted in an expected failure mode in which 
the primary reinforcements (As) and (Ash ) yielded. 
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CHAPTER V I I  
CONCLUS IONS 
Ba sed on the resu l ts of th i s  research , the fol l owi ng concl u­
si ons are presented bel ow :  
I .  Phys ica l  Propert i es of F i brous Concrete : 
1 )  The c ompress i ve strength of fi brous concrete was 6 to 8% 
h i gher than that of plai n concrete when 0 . 8  and 1 . 2% steel fi bers was 
used. I t  i s  not recommended that st�el fibers be used to i ncrease the 
compressive strength of concrete ( Secti on 6 . 1).  
2 ) The Modu l us  of E l ast i c i ty of  fi brous concrete was found to 
be about 8 to 18% l ower than that of p l ai n concrete for O .  8 to 1 .  2% 
stee l fi bers . Th i s  i s  due to the l owe r bond strength between fi ber 
and cement mo rta r caus i n g h i gher defo rmati on and s tra i ns  i n  
compress i on .  The fo l l owi ng equati on i s  recommended for ca l cu l ati ng  
the Modu l u s of  E l a st i c i ty of norma l s tr�ngth ( 4000 to 4500 ps i )  
fi brous concrete ( Sect i on 6 . 2 ) . 
Ee = ( 1  - 0 . 18 P s l 33 w
1
·
5 � ( 6 . 1 ) 
3 )  U pon i nvest i gat ing  the tens i l e  strength of concrete , i t  i s  
concl uded that the s pl i t  cyl i nder s trength of fi brous concrete i s  much 
hi gher tha n tha t  of p l a i n  concrete . The fol l owi ng equati on i s  
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recornnended to cal cul ate the tens i l e  strength of fi brou s concrete 
(Secti on 6 .  3 ) . 
f C ts = ( 1 + 0 • 2 4 PS  ) 6 .  7 {t[ ( 6 . 2) 
4 )  The modu 1 us of rupture of fi brous concrete was found to 
have two mai n  stages : 
a )  Fi rst modul u s  of rupture , where the fi rs t  crack 
starts to propagate . It can be ca l cul ated by the 
fol l owi ng equati on ( Sect ion 6 . 4 . 1 ) .  
frsi = ( 1 + 0 . 35 Ps ) 7 . 5 J'tr 
b )  U l t i mate modul us of rupture occurred when the 
speci mens cou l d  not wi thstand any more stres ses . For 
0 . 8  to 1 . 2% of steel fi bers , Modul us of Rupture i s  
between 16 to 22% h i gher than the Fi rs t  Modu l us of 
Rupture . The fol l owi ng equation was deri ved for the 
cal cul ati on  of the ul timate modul us of rupture for 
fi brous concrete ( Section 6 . 4 . 2 ) . 
frsu = ( 1  + 0 . 65 p 5 ) 7 . 5 � 
(6 . 3 )  
(6 .4 )  
II . Prediction of Ultimate Strength V : . n 
A simple failure mode is desired for the design of a dapped­
end connection . For the design of the main dapped-end reinforcement 
when accompanying steel fibers instead of vertical stirrups (A ) are 
V 
used to prevent premature diagonal splitting failure of the dapped-
end, the calculated design expression may be adapted in their entirety 
to suit the present condition with the following: 
i) To predict the Ultimate Reaction Vn the following equations 
can be used: 
where : 
F = 2bd ' �  1 \I I C 
F 2 = Avhfvh and K 2 = 1 . 0 
F3 = Asfs and K3 = 0 . 10 
F 4 = Ashfsh and K 4 = 0 . 5 
(6 . 5) 
( 6 . 6) 
( 6 . 9 ) 
(6 . 1 5) 
(6 . 20) 
ii) When steel fibers are used, the strength of the connection 
is enhanced ; therefore , the Ultimate Modified Reaction V� equation can 
be used as follows: 
V I = F '  · + F '  + F '  + F '  n 1 2 3 4 
(6 . 25) 
where the va 1 ues of each i ndi vi dua 1 force depend on the actua 1 data 
corresponding to the specimen groups that were tested . 
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Hence, each individual force is calculated as follows: 
1 )  For specimens with variable extended-end depth (h = 4 or 5 
inches), loading arm x1 and with or wi thout reinforcement (Avh) ,  as 
represented by Groups Gl, G 2, G3 and G 4  combined: 
F i = 2bd �(1 + 0 . 07 p5 ) f ' C ( 6 . 7 ) 
F2 = (0 . 16 + 0. 34 P s ) Avh fy (6. 10 ) 
F ' -3 ( 0. 0-B + 0.01 p5 ) A5 fy (6. 16 ) 
F ' -4 - (0.3 2 + 0. 1 5  Ps ) Ash fy (6. 21 ) 
2) For specimens with extended-end depth (h = 5 inches), 
loading arm x1 and with or without reinforcement (Avh) ,  as represented 
by Groups Gl and G 2  combined : 
F 1 = 2bd �(l + 0. 07 p5 ) f '  C ( 6. 7 )  
F2 = (0. 17 + 0. 32 p 5 ) Avh fy ( 6 . 1 1) 
Fj = ( O • 0 7 + 0 . 0 � p 5 ) A5 f y ( 6 . 17 ) 
F4 = (0. 39  + 0. 11 p 5 ) A5h fy ( 6. 22) 
3) For specimens with extended-end depth (h = 4 inches ), 
loading arm x1 and with or without reinforcement (Avh ) ,  as represented 
by
.
Groups G3 and G 4  combined: 
F i = 2bd � ( 1 + 0 . 0 7 P 5 ) f � 
F2 = (0. 15 + 0.
35 p 5 ) Avh fy 
( 6. 7 ) 
(6. 1 2) 
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F 3' = (0. 09 + 0 . 0 2  p ) A f s s y 
F4 = (0. 25 + 0. 19 p ) A h  f s s y 
( 6. 18 )  
( 6. 23 ) 
4 )  For specimens with extended-end depth (h = 5 inches ), 
loading arm x2 and with reinforcement (Avh ) ,  as represented by Group 
GS: 
F i = 2bd � ( 1 + 0 . 0 7 p s ) f � 
F2 = (0 . 60 + 0. 14 P s ) A vh fy 
F 3• = (0. QB + 0. 0 2  p )  A f s s y 
F4 = (0 . 39 + 0. 09 P s ) Ash fy 
I I I. Properties of Fibrous Dapped- End Beam Connections : 
( 6 . 7 )  
( 6 . 1 3) 
(6. 19 )  
( 6 . 24)  
1) It is evident by now that steel fibers increase the 
strength of the connection which enables the construction depth of a 
precast concrete floor or roof structure to be reduced. 
2) Only 1. 2% steel fibers can be effectively used to improve 
concrete shear strength (Ve). Therefore, 1. 2% steel fibers can be 
considered as reinforcement proficient enough to substitute for the 
vertical stirrups (A ) in the extended-end. Thus simplicity of the 
V 
reinforcement details of the connection is achieved. 
3) Using 1. 2% steel fibers will control the failure mode to a 
major shear failure mode occurring at the re-entrant corner (shown as 
crack No. 4 in Figure 2. 1 ) . 
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4) Only a ratio of the extended-end depth to the total speci­
mens depth (h/H) equal to 0.5 or higher should be allowed in precast 
dapped-end beams when steel fibers are not used. 
5) Reinforcement detailing and anchorages are important to the 
connection. Closed stirrups should be used in all occasions. 
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0. 03463508 
, VALUE 
lt7 . 699 
0 . 9226 
o . ,ou 
T FOIi HO:  
,MMETER•O 
3 7 . 905 
6 . 906 
PRoe>r 
0 .00H 
PROB > I T I  
0 . 000 1  
0 . 0023 
TABLE A. 2  Stat ist ical analys is for split cylinder strength 







1 1  
1 2  
ROOT MSC 
OE , MEAN 
c .v. 
ANALYS I S  or VAIII IANC[ 
SUM or 
IQUARCS 
O. S91tSS 1 33 
0 . 12076534 
o. ,1s3 1667 
o.  1047791 





0 . 01097867 
R•SQUAII[ 
ADJ R• SQ 
,ARAMCTER EST I MATES 
F VALUE 
3' . 931 
0 . 7656 
0 . 71tlt3 
PARAMETER STANDARD T FOIi HO:  
[ST I MAl C  ERROR PARMETER•O VAR IABLE or 
I NT[RCE, 
)(1 




1 9 . 918  '·'" 
"'°9>F 
0 . 000 1  
PROB >  I T I  
0 . 0001 
0 . 000 1  
TABLE A. 3 St at ist ical analysis for f irst 
modulus of rupture 
195 
SAS 
DE, VAR I ABLE : Y 







1 1  
1 2  
ROOT MSE 
OEP MEAN 
c . v . 
SUM or MEAN 
SQUARES SQUARE 
1 . 2 1433749 1 . 21433749 
0 . 21272628 0 . 01 933875 
1 . 42706377 
0 . 1 390638 
1 . 432208 
9 . 709754 
R•SQUARE 
ADJ R•SQ 
PARAMETER EST I MATES 
PARAMETER 
EST I MATE  
STANDARD 
ERROR VAR I ABLE Of 
I NTERCEP 1 
X1 1 
0 . 9995701f5 
0 . 6 1 1 33523 
0 . 066811627 
0 . 077 14787 
f VALUE 
62 . 793 
0 , 8509 
0 , 8374 
T FOR HO : 
PARAMETER=O 
1 4 . 953 
7 . 924 
PROB>f 
0 . 0001 
PROB > I T I  
0 . 0001 
0 . 0001 
196 
TABLE A. 4 S tat ist ical analysis for ult imate modulus of rupture 
SAS 
-OEP VAR I ABLE : Y 
ANALYS I S  OF VAR I ANCE 
SUM OF MEAN 
SOURCE OF SQUARES SQUARE 
MODEL 1 0 . 01 395944 0 .01 395944 
ERROR 1 0  0. 065112616  0.006542616  
C TOTAL 1 1  0 . 07938560 
ROOT MSE 0. 080886411 R•SQUARE 
OE P MEAN 1 . 0453 1 7  ADJ R•SQ 
c . v  . .  7 . 737984 













2 . 1 34 
0 . 1 758 
0 . 0934 
T FOR HO : 
PARAMET[Ra::O 
25 . 653 
1 , 46 1  
PROB> F 
0 . 1 748 
PROB > I T I  
0 . 000 1 
0 . 1 748 
TABLE A. 5 · Stat ist ical · analysis for sect ion 6 . 5 . 1 o f  con crete 
shear fo rce capacity F1 
SAS 
DEP VAR I ABLE : Y ANAL VS I S  OF VAA I ANCE 
SUM OF MEAN 
SOURCE Df SQUARES SQUARE 
MODEL 1 Jt . 71 198864 ... 7 1 1 98864 
ERROR .. 0. 72167757 0. 18041 939 
C TOTAL 5 5 . le3366621 
ROOT MSE 0. 1124758 R•SQUARE 
DEP MEAN 2 .0263 1 7  ADJ R•SQ 
-c . v . 20. 96208 
PARAMETER EST I MATES 
VAR I ABLE OF 
I NTERCE P  
Xl  
PARAM[TER 
EST I MATE 
0. 84209643 




0. 3 .. 758676 
f VALUE 
26 . 1 1 7 
0. 8672 
0 . 8340 
T FOR HO : 
PARAMETER=O 
2 . 910  
5 .  1 10 
PROB> F 
0 . 0069 
PROB > I l l 
0 . 0437  
0 . 0069 
TABLE A. 6 St at ist ical analys is for sect ion 6 .5 . 2 o f  groups 
Gl and G3 combined 




C TOTAL 2 
ROOT MSE 
DE P MEAN 
c . v . 
SAS 
ANALYS I S  Of VAR I ANCE 
SUH OF MEAN 
SQUARES SQUARE F VALUE 
1 . 85367029 1 . 85367029 4 . 432 0 . 4 1 827972 0. 4 1827972 
2 . 2719500 1 
0 . 6467455 R•SQUARE 0. 8 1 59 
1 . 877567 ADJ R•SQ 0 . 63 18 34 . 44594 
PARAMETER EST I MATES 
PARAMETER STANDARD T FOR HO : 
EST I MATE ERROR PARAMETERaO VAR I ABLE Of 
I NTERcE,  1 
X1  1 
0 . 82715000 
1 . 57562500 
0 . 62321 954 
0 . 74846246 
1 . 327 
2 . 105 
PROB>F 
0 . 2823 
PROB > I T I  
0 . 4 1 1 1  
0 . 2823 
TABLE A. 7 S t at ist ical analys is for sect ion 6 . 5 . 2  of  group Gl 




C TOTAL 2 
ROOT MSC 
DEP MEAN 
c . v. 
VAR I ABLE OF 
SAS 
ANALYS I S  OF VAR I ANCE 
SUM OF MEAN 
SQUARES SQUARE 
3 . 02239958 3 . 02239958 
0 . 25 1 70570 0 . 25 1 70570 
3 . 27410528 
0. 501 7028 R•SQUARE 
2. 2072 ADJ R•SQ 
22 . 73028 
PARAMETER EST I MATES 
PARAMCTER 




1 2 . 008 
0 . 9231  
0 . 8462 
T FOR HO : 
PARAMETER=O 
PROB>F 
0 . 1 789 
PROB > I l l  
I NTERCEP 0 . 86591 429 0 . 48345292 1 .  791 0 .  3242 
Xl 2 . 01 1 92857 0 . 5806081 7  3 . 465 0 . 1 789 
TABLE A. 8 S t at ist ical analysis for sect ion 6 .  5 . 2  o f  group G3 
SAS 
OEP VAR I ABLE : Y 
ANALYS I S  Of VAR I ANCE 
SUM OF MEAN 
IOURCE OF SQUARES SQUARE f VALUE PROB>F 
MODEL 1 o. oa.299921 o. oa.299921 5 . 6 1 3  0. 2543 
ERROR 1 0 . 007642458 0 . 007642458 
C TOTAL 2 0 . 05054 173 
ROOT MSC 0 . 087421 15 R•SQUARE 0 . 8488 
DE P MEAN 1 .  1 36433 ADJ R•SQ 0 . 6976 
·c . v. 7 . 69259 
PARAMETER EST I MATES 
,ARAM£TCR STANDARD T FOR HO : 
VAR I ABLE Df EST I MATE ERROR PARAMETER=O PROB > I l l  
I NTERCEP 0 . 97663571 0 . 08424 1 1 3 1 1 . 593 0 . 0548 
X1 0 . 23969643 0 . 101 17032 2 . 369 0 . 2543 
TABLE A. 9 St at ist ical analysis for sect ion 6 . 5 . 2  o f  group GS 
1 9 7  
SAS 
DEP VAR I ABLE : V 
ANALYS I S  Of VAR I ANCE 
SUM Of MEAN 
SOURCE Of SQUARES SQUARE 
MODEL 1 0. 08343326 0. 08343326 
ERROR 10  0 . 06392981 0. 006392981 
C TOTAL 1 1  0. 1 .. 736307 
ROOT MSE 0. 07995612 R-SQUARE 
DEP MEAN 0 . 8781 333 ADJ R•SQ c . v. 9 . 105237 
PARAMETER EST I MATES 
VAR I ABLE Of 
PARAMETER 
EST I MATE 
I NTERCEP 1 0 . 98955893 
X 1  1 -0 . 167 1 3839 
STANDARD 
ERROR 
0 . 03852382 
0 . 0  .. 626561 
f VALUE 
1 3 . 05 1  
0 . 5662 
0 . 5228 
T FOR HO : 
PARAMETER•O 
25 . 687 
- 3 . 61 3 
PROB>f' 
0 . 0047 
PROB > I T I  
0 . 0001 
0 . 0047 
198 
TABLE A. 10 S t atist ical analysis for K3 of sect ion 6 . 5 .  3 of cg·xoups Gl , G2 , G3 and G4 comb ined 
SAS 
DEP VAR I ABLE : Y 
ANALYS I S  Of VAR I ANCE 
SUM Of' MEAN 
SOURCE Of SQUARES SQUARE 
NOOEL 1 o. 36776379 o. 36776379 
ERROR 10  0 . 0681 1 396 0. 00681 1 396 
C. TOTAL 1 1  o . ..  3587774 
ROOT MSE 0 . 08253 1 1 8 R-SQUARE 
DE P MEAN 1 . 252825 ADJ R-SQ 
c .v. 6 . 587606 
PARAMETER EST I MATES 




EST I MATE 
1 . 0 1888750 




o . �775564 
f VALUE 
53 . 992 
0 . 8437 
0 . 8281 
T FOR HO : 
PARAMETER•O 
25 . 623 
7 . 348 
PROB>f'  
0 . 0001 
PROB > I T I  
0 . 000 1 
0 . 000 1 
TABLE A. 11 Stat ist ical analys is for Q '  of sect ion 6 . 5 . 3  of groups Gl , 
G2 , G3 and G4 comb ined 
SAS 











1 0 . 02266814  0 . 022668 1 4  
4 0 . 02587341 0 .006468351 
, o . �854 1 55 
ROOT MS[ 
DEP MEAN 
c . v. 
0. 08042606 
0 . 9234 167 
8 . 709618 
II-SQUARE 
ADJ R-SQ 
PARAMETER EST I MATES 
f VALUE 
3 . 504 
0 . 4670 
0 . 3337 
PARAMETER STANDARD T FOR HO : 
VAR I ABLE Df' 
I NTERCEP 
EST I MAT.E ERROR PARAMETER=O 
1 . 00555357 
-0. 1 2320536 
0 . 051t801 1 2  
0. 06581402 
18 . 349 
- 1 . 872 Xl 
NOB>f 
0 . 1 34 5  
PROB > I T I  
0 . 000 1 
0 . 1 345  
TABLE A. 12 St at ist ical analysis for K3 of sect ion 6 . 5 . 3 o f  groups Gl , 
and G2 comb ined 
SAS 
DEP VAR I ABLE: y 
ANALYS I S  OF VAR I ANCE 
SUH Of HEAN 
SOURCE OF SQUARES SQUARE 
MODEL 1 0 . 1 1 648076 0. 1 1648076 
ERROR 4 0 . 0 1 2 1 7545 0 . 003043863 
C TOTAL 5 0 . 1 2865621 
ROOT MSC 0 . 055 1 712 1  R•SQUARE 
D£P MEAN 1 . 206933 ADJ R•SQ c . v . 4 . 571 1 9  
PARAMETER EST I MATES 




EST IMAT E  
1 . 02074286 




0 . 0..514755 
F VALUE 
38 . 267 
0 . 9054 
0 . 881 7 
T FOR HO : 
PARAMETERzO 
27 . 1 53 
6 . 1 86 
PROB>F 
0 . 0035 
PROB > I T I  
0 . 0001 
0 . 0035 
TABLE A. 13 . St at ist ical analysis for Q' of sect ion 6 . 5 . 3 of  ijroups 
Gl and G2 combined 
TABLE A. 14 
TABLE A. 15 
SAS 
DEf' VAR I ABLE : Y 
ANALYS I S  OF VAR I ANCE 
SUM OF' MEAN 
SOURCE DF SQUARES SQUARE 
MODEL , 0 . 05374732 0. 05374732 
ERROR .. 0 . 008564766 0 . 00211f1 1 92 
C TOTAL 5 0 . 0623 1 209 
ROOT MSE 0 . 0462730 1 R•SQUARE 
DE P MEAN 0. 87781 67 ADJ R•SQ c . v . 5 . 27 1 375 
f'ARAMETER EST I MATES 
f'ARAMETER 
VAR I ABLE OF EST I MATE 
I NTERCEP 1 . 001f29286 
Xl •0 . 1 8971 429 
STANDARD 
ERROR 
0 . 03 1 52974 
0 . 03786600 
f VALUE 
25 . 102 
0 . 8626 
0 . 8282 
T FOR HO : 
f'ARAMETERzO 
3 1 . 852 
-5 . 010  
PROB>F 
0 . 0074 
PROB > I T I  
0 . 000 1 
0 . 0074 
Stat ist ical analys is for K
3 
of sect ion 6 .  5 .  3 of -groups 
G3 and G4 combmed 
SAS 
DEf' VAR I ABLE : Y 
ANALYS I S  or VAR I ANCE 
SUM or MEAN 
SOURCE OF SQUARES SQUARE f VALUE PROB> F 
MODEL 1 0. 21565836 0 . 28565836 35 . 390 o .�o 
ERROR 4 0. 03221687 o. 008071 71 7 
C TOTAL , 0. 3 1 794523 
ROOT MSE 0 . 08984274 l•SQUARE 0. 8985 
DE P MEAN 1 .  3082 1 7  ADJ R•SQ 0 . 8731 c . v. 6. 867573 
PARAMETER EST I MATES 
PARAMETER STANDARD T FOR HO : 
VAR I ABLE Of  EST I MATE ERROR PARAMETER=O PROB > I T I  
I NTERCEP 1 , 01663929 0 . 06121750 16 . 607 0 . 000 1 
X1 0 . 43736607 0. 07351985 5 , 949 0 . 0040 
Stat ist ical analys is for Q '  o f  sect ion 6 . 5 . 3 o f  groups 
G3 and G4 comb ined 
1 99 
SAS 
DEP VAA I AIILE: Y 
ANALYS I S  OF VAR I ANCE 
SUM OF MEAN 
SOURCE Of SQUARES SQUARE 
MODEL 1 0 . 01 795520 0 . 01 795520 
ERROR 1 0 . 000663783 0 . 000663783 
C TOTAL 2 0 . 0 1 861 899 
ROOT MSE 0 . 02576398 R•SQUARE 
OEP MEAN 0 . 8897333  ADJ R•SQ c . v. 2 . 895697 
PARAMETER EST I MATES 
VAA I ABLE OF 
PARAMETER 
EST I MATE 
I NTERCEP 1 0 . 993 1 1  .. 29 
Xl 1 •0. 1 5507 143 
STANDARD 
ERROR 
0 . 02482680 
0 . 02981602 
F VALUE 
27 . 050 
0 . 961f3 
0 . 9287 
T rOR HO : 
PARAMETER•O 
410 . 002 
-s. 201  
PROB>F 
0 . 1209 
PROB > I l l  
0 . 0 1 59 
0 . 1 209 
TABLE A. 16 S tatistical analysis for K3 of  sec tion 6 . 5 . 3  of group GS 
SAS 
DEP VAR I ABLE : Y 
ANALYS I S  OF VAR I ANCE 
SUM OF MEAN 
SOURCE Of SQUARES SQUARE 
MODEL 1 0 . 1984 1 939 0 . 19841 939 
ERROR 1 0 . 002329740 0 . 002329740 
C TOTAL 2 0 . 2007491 3  
ROOT MSC 0 . 04826738 R•SQUAR[ 
DEP MEAN 1 . 356567 ADJ R- SQ 
c . v . 3 . 558054 
PARAMETER EST I MATES 




EST I MATE 
1 . 01 290000 
0 . 51 550000 
STANDARD 
ERROR 
O .Oat65 1 16 1  
0 . 05585864 
F VALUE 
85 . 1 68 
0 . 9884 
0 . 9768 
T FOR HO : 
PARAMETCR=O 
21 . 777 
9 . 229 
PROB>f 
0 . 0687 
PROB > I l l 
0 . 0292 
0 . 0687 
TABLE A . 17 Statistical analysis for Q '  of section 6 . 5 . 3  of group GS 
SAS 
OE, VAR I ABLE : Y ANALYS I S  Of VAR I ANCE 
SUM or MEAN 
SOURCE Df SQUARES SQUARE F VALUE PROB>f 
MODEL 1 0 . 64627569 0 . 64627569 42 . 1 1 0 0 . 0001 
ERROR 1 0  0 . 1531t7425 0 . 01534742 
C TOTAL 1 1  0 . 79971t994 
ROOT MSC 0 . 1 238847 R-SQUARE 0 . 808 1 
DEP MEAN 1 . 3 1 1 8 ADJ R•SQ 0 . 7889 
c . v .  9 . 443873 
PARAMETER EST I MATES 
,ARAMETER · STANDARD T FOR HO : 
VAR I ABLE or EST I MATE · ERROR PARAMETER=O PROB > I T I  
I NTERCE P 1 . 00 168393 0 . 0596891 5  1 6 . 782 0 . 000 1 
x, 0 . 4651 741 1 0 . 071 68435 6 . 489 0 . 0001 
TABLE A .  18 S tatistical analys is for sec tion 6 . 5 . 4  of  groups _ Gl , G2 , 
G3 and G4 combined 
• 
200 
TABLE A. 19 · 
TABLE A . :!O 











c . v . 
SAS 
ANALYS I S  OF VAR I ANCE 
SUM Of MEAN 
SQUARES SQUARE F VALUE 
0 . 1 1 333703 0 . 1 1 333703 41 . 677 
0 . 01087757 0. 002719392 
0 . 1 21621 459 
0 .05214779 
1 . 20305 
4 . 334632 
R-SQUARE 
ADJ R-SQ 
PARAMETER EST IMATES 
PARAMETER 
EST I MATE 
STANDARD 
ERROR 
0 . 9 124 
0 . 8905 
T FOR HO : 
PARAMETER=O VAR I ABLE OF 
I NTERCEP 1 
Xl 1 
1 . 01 938929 
0 . 27549107 
0 . 03553273 
0 . 042673163 
28 . 689 
6 . 456 
Statistical analysis for section 6 . 5 . 4  of  
G2  combined 
SAS 
DEP VAR I ABLE : Y 
ANALYS I S  Of VAR IANCE 
SUM OF HEAN 
SOURCE OF SQUARES SQUARE 
MODEL 1 0 . 83640386 0. 83640386 
ERROR 4 0 . 06074570 0 .0 1518642 
C TOTAL 5 0 . 8971 1t955 
ROOT MSE 0 . 1 232332 R-SQUARE 
OE P MEAN 1 . 474 15  ADJ R-SQ 
c . v. 8. 35961 1 
PARAMETER EST I MATES 












55 . 076 
0 . 9323 
0 . 9 1 54 
T FOR HO : 
PARAMETER=O 
1 1 . 6 14  
7 . 421 
PROB>F 
0 . 0030 
PROB > I T I 
0 . 0001 
0 . 0030 
groups Gl 
PROB>F 
0 . 0018  
PROB > I T I  
0 . 0003 
0 . 00 18  
and 
Statistical analysis for· section 6 . 5 . 4  of groups G3 and 
G4 combined 




C TOTAL 2 
ROOT MSE 
DEP MEAN 
·C . V .  
VAR IABLE OF 
SAS 
ANALYSI S  Of VAR IANCE 
SUM OF MEAN 
SQUARES SQUARE 
0. 04235768 0.04235768 
0 . 002633143  0 .002633 143  
0. 04499082 
0 . 051 3 11i 16  R-SQUARE 
1 .  1 725 ADJ R-SQ 
... 376474 
PARAMETER EST I MATES 
PARAMETER 




1 6 . 086 
0 . 91i 15  
0. 8829 
T FOR HO : 
PARAMETER=O 
PROB>F 
0 . 1 556 
PROB > I l l  
I NTERCEP 1 1 . 01 371429 0 .04941i756 20 . 501 0 . 03 1 0 
X1 1 0 . 23817857 0 .05938460 4 . 01 1 0 . 1 556 
TABLE A . 21 Statis tical analysis for section 6 . 5 . 4  of group GS 
201 
TABLE A. 22 
SAS 
DC P VAR IABLE : Y 
ANALYS I S  OF' VAR I ANCE 
SOURCE 
SUM OF' MEAN or SQUARES SQUARE r VALUE PROB>F 
MODEL 1 0 . 52926998 0 . 52926998 U . 128 ERROR 1 0  0 . 403 1 5 102 0 . 0403 1 5 1 0  0 , 001f7 C TOTAL 1 1  0 . 9321f2100 
ROOT MSE 0 . 2007862 R•SQUARE 0 . 5676 DEP MEAN 1 .  2701 ADJ R•SQ c . v . 1 5 . 80869 0 . 5241f 
PARAMETER EST I MATES 
PARAMETER STANDARD T F'OR HO : VAR I ABLE or EST I MATE ERROR PARAMETER•O PROB > I T I 
I NTERC[P 
)(1 
0 . 98945714  0 , 09674 122 1 0 . 228 o . -2096429 0. 1 1611244 3 . 623 g:ggg} 
S tatistical analysis for section 6 . 5 . 6 of  groups Gl , 




C· TOTAL 5 
ROOT MSC 
DE P MEAN 
c . v. 
G2 , G3 and G4 combined 
SAS 
ANALYS I S  OF' VAR I ANCE 
SUM or MEAN 
SQUARES SQUARE 
0 . 1 2931 307 0 . 1293 1 307 
0 . 223733 15  0 . 05593329 
0 . 35301f622 
0 . 2365022 R•SQUARE 
1 .  1965 ADJ R•SQ 
19 . 766 1 7  
PARAMETER EST I MATES 
PARAMETER 




2 . 3 1 2  
0 . 3663 
0 . 2078 
T FOR HO : 
PARAMETER•O 
PROB>F 
0 . 2030 
PROB > I T I  
I NTERCEP  1 1 . 00032143 0. 161 14908 6 . 207 0 . 0034 
X1 1 0 . 29426786 0 , 19353379 1 , 520 0 . 2030 
TABLE A. 23 S tatistical analysis for section 6 . 5 . 6  of groups Gl 
and G2  combined 




C TOTAL 5 
ROOT MSC 
DEP MEAN 
c . v .  
VAR I ABLE DF' 
SAS 
ANALYS I S  or VAR I ANCE 
SUM Of' MEAN 
SQUARES SQUARE r VALUE 
0 . 113996039 0 . 113996039 32 . 117 
0 . 05467575 0.01 366894 
0 . 4946361 4  
0 . 1 1 69142 R•SQUARE 0. 8895 
1 . 342 1 5  ADJ R•SQ 0 . 86 1 8  
8 .  11 0966 
PARAMETER EST I MATE$ 
PARAMETER STANDARD T FOR HO : 
EST IMAT E  ERROR PARAMCTER•O 
PtlOB>F' 
0 . 0041 
PROB > I T I  
1 o .  98029286 0. 07966 362 
12 .  305 0 ,  000 3 
��TERCEP 1 0 . 5427157 1 0 . 09567291 
5 . 673 0 . 0048 
TABLE A. 24  S tatistical analysis for section 6 . 5 . 6  o
f groups G3 
and G4 combined 
202 
SAS 
DEP VAR I ABLE : Y 
ANALYS I S  OF VAR I ANCE 
SUM or MEAN 
SOURCE DF SQUARES SQUARE F VALUE 
MODEL 1 0 . 028621 26 0 . 028621 26 1 1 09 . 966 
ERROR 1 0 . 000025786 0 . 000025786 
C TOTAL 2 0 . 02864705 
ROOT MSE 0 . 005077964 R•SQUARE 0 . 999 1 
DE P MEAN 
c .v. 
VAR I ABLE DF 
I NTERCEP 
X1 
1 .  1 29167 ADJ R•SQ 
0. 11119709 
PARAMETER EST I MATES 
PARAMETER 
EST I MATE 
0 . 998611286 
0. 1 957857 1 
STANDARD 
ERROR 
0 . 0011893248 
0. 005876601 
0 . 9982 
T FOR HO: 
PARAMETER•O 
204 . 086 
33 . 3 1 6  
PROB>F 
0 . 0191  
PROB > I l l  
0 . 003 1  
0 . 019 1  
TABLE A. 25 Statistical analysis for section 6 . 5 . 6  of group GS 
20 3 
APPENDIX B 
Stra i n ,  Crac k Wi dth and Defl ecti on Read i ng s  
wi th Crack Patterns 
204 
50 100 1 50  200 250 
654 1 21 4 1 773 2332 2891 
._. 
GI Concrete -2 -12 -32 -46 -70 C -
'U -0  • • As 44 73 108 181 227 a 5l 
C M 'v11 16  17  18  34 47 -.. �-- l5 43 M " 108 .-a 
C ... .. 11  A 1 1 2 . ' -2 6 
'o 6 I 1 27 24 1 8  1 7  
Ill ... 7 I 0 3 4 5 1 1  r M - 4 C 0 7 8 5 2 .., s· C 5 8 ' 3 1 
a 1 7 C 0 4 10 15  21 
C C: 
0 ._ ... 
.. I 1 5  35 '5 15 102 ¥ 0  Dlflect1N 
,- ... } ac 
TM&.£ I. I 
TEST DATA Of ION NO. 11 
NACNJNE LOAD (pst ) 
300 ag 400 450 � 575 iH zz� 175 1 1025 1 .250 
LOAD (p
0
) lbs .  
3450 !gQ2 4568 51l7 �86 652� 7Hj liQi HZ9 1 1 1ss1 1 211§i 
-93 -122 -131 -113 ·21 3 -286 -311 -343 -407 -482 -333 
306 390 549 826 934 2059 2221 2440 2733 l.200 1 .874 
66 12 158 273 298 264 212 215 3'5 461 1 .212 
142 171 263 450 516 642 771 IIJ 1 1 72 1 .337 -
1 0  8 25 25 25 31 29 27 23 28 1 26 
1 3  1 1  14 t 12  1 1  1 1  13 12 15 31 1 
20 1 3  9 5 24 38 43 43 IS 78 325 
9 10 10 15 25 40 41 42 45 50 274 
10 1 1  1 5  21 51 II ii II u '2 250 
3' . ii 60 IO 1 15  1 51 161 111 202 248 370 





,& .... . .  · - • · . • ·  
C I • __ __._ - • •  
Vn 
Ini tial crack at 200 ps i 
Fai l ure crack above p late at 1 250 ps i 
D 
E. 
. - ·- • --- ---- - -•- -.... - - � . . . 
e . � • • 
__ ____________ .,. __ ,. __ • 
• /0 
.,.__ . . __ .,_'  . , _.,__ . . _  __. 





C: -.., '° • • , �  
C: IC -• ... ... "' 
C .. 
-
•o .,. ... 
� IC -.., • 
i 
� u z u 
C 












1 1  
1 2  
1 3  
DlflecUon 
100 200 250 
12 14 2332 2891 
-26 -74 -1 1 1  
14 50 163 
1 4 5 
16 61 1 18 
1 1 3 
0 0 ·1 
2 8 1 5  
1 - -
8 2 3 
0 2 3 - - -
2 - -
1 1 1 
16 52 84 
TAIi.£ 1.2 
TEST DUA Of IEM IO. 87 
MCHINE LOU (psi ) 
300 350 400 500 600 700 800 900 1 1ggg 1 1200 1 1400 1 1sao 1 1600 
LOAD (Pn ) lbs .  
3450 4009 4568 5686 6804 7923 9041 1011 59 1 1 1211 JJ1s14 1s11so 1 11763 1 11986 
-137 -162 -186 -225 -265 -321 -368 -413  -552 -408 -402 -494 -780 
1 77 199 298 483 652 865 1 1 1 1  1 ,281 2 ,456 444 417  368 2,451 
6 10 49 1 1 2  164 238 325 370 437 158 676 +71 1 �10 
170 231 326 515 672 869 1024 1 . 1 ss 1 .w 1 ,445 1 ,866 2.i12 2 ,230 
6 7 1 1  1 6  20 30 46 58 68 86 1 25 306 
0 2 6 1 5  22 35 47 47 66 88 1 50  220 21 3 
20 27 40 67 96 14' HS 21 1 260 372 61 7 1 ,31 3 - - - - - - - - 33 1 17 182 354 776 
4 1 1 1  24 19  49 50 67 85 83 165 585 763 
5 1 1 5  21 46 74 98 1 11 142 200 285 401 472 - - - - - - - - - 108 290 570 922 - - - - 21 49 84 109 125 142 196 273 342 
I 12 19 38 61 1 31 142 1 74 2IJ1 271 542 791 811 




t-------- 1 1  � _____ _. r:, 





" I  J.. I 1· 5 t• 32  I a 4� • I 
I n i ti al crack at 250 ps i 
Crack above pl ate at 1 000 ps i 
Vn 
Fai l ure crack · above pl ate at 1 600 ps i 
,r4'. 
-- - � . 




1--r t-400 ,u.c, -,11� u 
11f1T" ,un �,,.,.,,.,,.,_ to.o,·11) ,coo (-OI 3) 
1511) "1'\ (.-OO r1 




TEST MTA Of KM NO. 114 
MCNINE LOAD (psi) 
100 zoo 300 350 450 575 725 875 1 1025 1 11 1s 1 1�21 11400 11460 1 1540 11620 1 11ao 
LOAD (pn) lbs .  
1214 2332 3450 4009 5127 6525 8202 9879 H 1557 1 31234 14191 1 1 51750 161421 1 7131 5 181210 191999 
Concrete -11 -75 -1 51 -183 -274 -367 -475 -585 -722 -884 -1 .002 0897 -91 9 -1 .002 -1 , 1 72 -1 ,389 
"' 
31 1 18 128 °' As 44 243 476 743 1043 1 ,416 1 ,775 2,1 18 2 ,286 2,437 5 , 130 9,01 1 2 ,843 C ,, '° 
Av11 1 0  9 1 8  18  • 27 36 39 23 93 1 55 224 470 663 910 1 .  14 1 ,437 • I a �  
C IC Au 22 25 5l 83 1 71 351 528 723 898 1 ,041 1 , 178 1 ,257 1 ,344 1 .589 1 ,724 1 ,90l 
4 1 1 2 4 10 24 36 50 74 97 1 1 2 124 144 255 41 7 707 
C 5 1 1 0 0 1 3 1 5  1 8  1 7  21 24 30 32 28 20 1 5  .. 45 54 60 97 1 22 232 6 - - - - - - - - - -.. 0 5 1 1  1 5  27 60 98 1 39 188 261 325 367 397 564 704 1 .320 . 'o 1 - ... , ,a - - - - - - - - - - 52 100 1 18 1 78 234 319 f IC 9 0 2 3 5 1 1  23 36 51 78 1 07 126 1 34  1 50  246 394 801 - 2 1 2 3 a 19 ·42 62 92 1 1 3  1 38 1 56  165 1 73 180 1 91 ,, 10 • 20 30 53 70 127 180 210 335 486 828 i 11  - - - - - - 1 2  10 12 1 10 8 10 6 4 5 12 - - - - - -� 1 1 8  37 ,1 89 120 140 "' 181 207 290 410 625 u 13  4 3 
C C 
0 -.... 
U I 180 226 258 21, 288 318 • o Def1ect1oa 1 7  45 76 83 100 122 147 1 72 C ... 
& ,c 
� 
' j_" ,-.....----------- . 1 1  2 _____ ....,. 






I r· 5 , • 32 , • 4 _ _._.. 
Initial crack at 300 psi 
Cracks above plate at 1325 psi 
Y� 











"O '° Concrete • I 
� �  
C IC A, -
Alla 
C ... • 8 1  
'a 9 I .,. ... 1 C I' IC I C  -,, Q 
2 C 
-"" � c  
C C: 
0 -.. , Dlflectlcaa ¥ 0  
� ... 
I M 
100 150 250 350 450 650 
TMLf l.t 
TEST IIATA Of KM ■. 12 
MCHJIE LIMO (pst)  
700_ 750 800 
LOU (Pn ) lbs .  
950 1 1ois J1UI! 1.1 15 1 1235 
1214 1 773 2891 4009 5127 7364 7923 8482 9041 1011 1a  1 1 1557 12111s 1 31234 1 31905 
-4 -27 -99 -139 -175 -251 -280 -325 -375 -419  -457 -51 1 -490 -424 
95 122 363 703 1 133 1924 2154 2403 2511 2,788 2,943 2,117 2,852 1 ,851 
56 193 408 4 605 1024 1 163 1276 1384 l .498 1 .,12 1 ,791 1 ,981 1 .640 
10 1 l 1 14 1 38 46 51 49 67 82 96 102 
2 0 2 10 17 25 40 49 56 · 67 71 IS 1 1 3  123 
3 1 2  30 55 65 81 86 100 1 10 1 24 141 164 193 258 ' 4 12 26 - 41 18 101 105 121 1 34  148 1 70 1 92 255 - - - - 182 210 260 271 280 289 299 328 373 456 
5 • I 20 - - - 31 34 35 30 34 34 268 
1 1 I 1J  - - - 33 35 34 • • 42 • 









Ini ti a l crack at 1 50 ps i 
,=:, 
___ ,.. _______ .,._ - � . . . . 
• /0 
I ,, 
• • _ __._ .  e f • • • _  __. 
Fai l ure crack above pl ate at 1 235 ps i 





Concrete -,, '°  
• I 
.. 0 a: .. " C M -
e 'Ill 
C 1 - 2 
•o 3 "' ... 4 r M - 1 ,, g 
I 
10 
� ' 1 1 u 13 
C C 0 .. .. .. ¥ I .. 0 Dlflect10I -.. ... a .. 
TAIL£ I.I 
TEST DATA Of KM IO. II 
MCNIIIE LOAD ( ps 1 )  
100 200 JOO 400 500 6QO 700 800 900 1 000 1100 ll9!.____Ll00 1 310 1 320 1 350 
UW> (pn) lbs. 
1 214 2332 3450 4568 5686 6804 7923 9041 101 59 1 1 277 1 2675 13514 14632 14714 14855 1 51 90  
-40 -100 -1 78 -240 -280 -322 -366 -41 7  -480 -557 . -637 -721 -501 0738 -875 -786 
21 100 253 520 806 1058 1 350 1 555 . 1 780 2030 2341 2892 540 316 " 2419  
1 65 lot 213 353 477 632 761 M4 · l l ll 1320 1111 1644 1866 1991 2370 
1 - - - - 53 1 1 7  - - - - - - - - 1 77 
1 - - - - - - - 11 51 61 71 85 390 622 879 
0 - - - - - - - - - - - 2t 1 1 1  1 10 264 
3 10 1 7  1 9  33 47 64 79 97 1 1 0  1 23 142 
2 1 l  24 43 70 95 1 33 167 232 250 292 341 549 977 1 332 
1 1 5 24 34 41 71 86 103 1 18 1 31 1 54  
I 2 1 7  I 8 1 1  22 26 49 69 11 107 
3 - - - 14  25  39 50 63 84 83 II 279 537 821 l l59 
2 5 12 26 38 54 80 102 129 1 58  18' 211 303 348 548 
20 Ii ti 103 120 131 158 1 74 191 2 1 1  230 241 28l l45 401 501 
N ,_. w 
t ,.  . U -




1 ·  
7 -c >' ,., 
, �.,, 
ii.. ,111\'iE' .' � -�" " . . - ·  
'' I J.. I t· 5 I • 3 2 , • 4 . _ .. 
In i ti a l crack at 200 ps i 
Crack above pl ate at 1 300 ps i 
v,, 
fa i l ure crack above pl ate at 1 350 ps i 
ca 
F i gure B . 5  Crack pattern for beam No . 89 
N 
i­� 
TM&.£ 1.,  
TEST MTA Of BEAN IO. 116 
MatJNE LOAD (ps 1) 
' 
100 200 275 350 450 500 650 800 950 1 10 1 250 1 325 
LOAD (Pn ) lbs .  
1 214 2332 31 70 4009 51 27 5686 7364 9041 1071 8 12675 14073 1 491 1 -ca 
C Concrete -28 -80 -148 -180 -248 -278 -347 -422 -490 -574 · -671 -71 5 -,, '° 
• I 
� �  As 10 47 90 1 54 320 388 683 1035 1385 1 716 2148 2343 
C M - "" 4 36 100 142 272 316 484 718 920 1061 1 220 1321 
C 4 1 3 ' 10 20 25 40 66 87 1 10 1 14 1 1 3 - 5 1 2 3 2 3 0 14 24 31 43 55 " ... 6 1 0 1 1 0 0 0 1 +2 21 32 
7 2 7 1 1  23 45 56 97 1 56  212 268 335 362 "' ... r M 9 1 1 3 18 22 28 51 86 123 1 51 185 198 - · 10 0 2 0 1 2 5 14 21 31 60 82 It 
1 1  - - - - - - - - 40 i - - • I 12 - - - - - - 31 58 88 1 1 5  1 22 1 27 
Jtl 13 2 4 1 13  27 35 63 106 144 183 221 241 
C C: � -., �  ¥ I Dlflect1oa 20 41 71 11 101 1 10 137 161 110 225 257 270 ... 0 ... ...  
& IC 
1400 1405 1425 1460 
1 5750 1 5800  16000 16410 
-110 -847 -790 - 1362 
2550 2843 2253 2682 
1421 1 527 1620 2880 
108 109  1 14 1 18 
90 1 23 218 410 
45 61 1 1 9  1 55 
399 464 620 926 
2 12  237 241 241 
126 164 256 458 
55 76 160 1 72 
1 32 1 58  191 409 
272 312 311 559 
285 301 322 l60 
N .._. 
0, 
1 .. 1-------- lt -r _____ __. � . 




,. I J.. I . .1.· 5 I ·  3 2 . • 4� · .. .  
Ini ti al crack at 275 ps i 
crack above pl ate at 1 425 ps i 
Vn 








50 100 _)40 zoo 250 
.,. 654 1214 1661 2332 2891 ca 
C -
"0 \0  Concrete -43 -101 -144 - 171 -221 • • 
.. 0 . ... 
C M 's 14 145 311 351 408 -• 
An 1 4 5 • 50 
� 18 82 147 - 221 
C -
3 3 3 1 23 49 Ill ... 
� M 5 0 8 34 42 75 - 1 1 ' 15  23 40 
I 0 ' 14 21 il 
C C 65 83 107 0 - Dlf1Kt1• 12 30 -.. . 
i c �  & M 
TAIi.£ 1.7  
TEST MTA Of 1EM Ill; 15 
MatJIE LIMO (,st) 
JOO 350 400 450 
LOAD (pn ) lbs. 
3450 4009 4568 5127 
-250 -295 -353 -406 
487 601 768 943 
75 1 10 1 55 207 
202 466 581 171 
57 74 107 1 38 
89 1 1 5  171 230 
46 53 65 75 
,1 • 121 1 57 
21, 223 235 247 
500 171 61! 
5686 6525 7364 
-451 -515 -646 
1059 12'0 1870 
234 211 3'2 
833 .. 1091 
1 58  194 261 
271 286 381 
84 · • 1 23 
lU at m 


























Ini ti al crack at 1 661 lbs .  
Failure crack above plate at 9320 lbs 









C IC -• 
C -
-
'o .,. ... 
� IC -,, 
,lit u . z u 
C C 
0 --.. . ¥ 'o - ... 
& IC 
I 
50 100 150 185 250 
TAIi.£ I.I 
TEST MTA Of l£AN IO. 811 
MCHINE LOAD ( ps 1 )  
350 450 500 650 125 
LOAD (pn ) lbs .  
800 850_ _ _  g_ __ 960 1020 1 100 
654 1 214  1 773 2164 2891 4009 51 27 5686 7364 8202 9041 9600 101 59 1 0830 1 1 501 1 2395 
Concrete -40 -63 -127 -197 -271 -352 -466 -514 -724 -847 -959 -821 -874 -932 -1026 -1441 
A, 43 63 1 42 283 462 659 963 1 102 1 552 1 797 2208 2264 2297 2312 2559 2293 
Ayh 3 4 +4 +2 9 48 103 1 33 231 265 474 411 410 379 +763 +978 
A,11 27 42 M 1 59 262 389 558 629 810 1088 1424 1 51 2  1667 1 707 1 826 1909 
1 20 214 4 6 1 5 12 21 30 41 46 69 88 104 98 107 1 56  
5 0 3 1 - - - - - - 55 66 72 13 11 98 1 21 
6 0 I 1 
7 1 2 10 27 39 65 91 103 190 220 250 274 300 339 41 5 574 
8 1 1 2 10 19 29 35 39 61 78 96 1 1 7  146 194 278 428 
9 4 2 1 2 1 19  31 41 84 107 126 150 165 1 96  193 216 
10 1 1 0 - - - - - - 43 49 45 52 57 54 46 
1 1  2 1 ' 1 1  20 37 53 62 102 1 19 1 32 144 153 1 73 198 








1 • ..--------- lOT -· ____ ___,.j 
t-- t I 2• ---9' 
t,· I � "3t· I 4t· -......i 
I ni ti al crack . at 1 85 _ ps i  
Crack above pl ate at 800 ps i 
Fai l ure crack at re-entrant co�ner at 1 1 00 ps i 




TM&.£ I.I  
TEST DATA Of BUN ID. 815  
IMCNJNE LOAD (pat)  
LOAD (Pn ) lbs. 
654 1214 1 773 2443 2891 3450 4009 4568 5127 6525 7364 8202 9041 9600 12675 1 5333 
.,. Concrete - 14  -44 - 1 77 -208 -1 49 - 174 -203 -247 -291 -409 -825 -1027 -1615 -1 737 - 1834 -1955 ca 
C -,:, '° A, 38 61 156  220 531 626 743 897 1039 1344 2008 2189 2271 2535 2480 2507 • • 
,. 51 
C M Avh 9 6 2 25 81 105 126 1 55 180 234 286 343 610 678 928 1402 -. ... 
I. I A511 33 64 1 78 350 546 635 755 910 1063 1 J77 1619 1 763 1 112 2051 2186 2l40 � .. 
- 2 1 3 12  29 51 60 72 93 1 12 1 59 168 180 299 448 585 955 
T 5 2 6 12 19  48 93 1 1 9  1 25 130 1 51 169 1 70 230 508 712 997 
._. S 1 19 0 I 22 35 39 47 60 72 103 1 42 180 257 292 400 51 7 
I' ac I 2 4 · 1 4  32 54 66 83 108 135 1 47 1 56  168 21 1 534 578 118 
j 
.M u 
u Deflection 23 30 35 40 63 96 104 1 1 5 126 1 31 1 51 1 62 1 81 230 264 345 
C C: 
.! -� -
¥ • .. 0 




In i ti al crack at 2443 l sb 
Crack above pl ate at 7364 l bs 
v,, 
1?, 
Fai l ure crack at re-entrant corner at 1 5 , 333 l bs �-------------




TAil£ 1. 10 
TEST MTA Of 1EM IO. 16 
UMO (P11 ) lbs 
Ill 654 1605 2332 2891 l450 4009 4568 5127 5686 5625 7364 792] ca -- -- - - - �  - � - - � - -- - - - - -- -
II: 
v w  COICnte •50 -140 -180 -238 -31 7 -367 -420 -470 -526 •ilD -672 -508 
• I 
, � A 1 7  316 IOO 920 1047 1199 1404 1625 1813  DI 2499 1407 
II: IC ., -
t Ag •2 +5 +144 +218 +2'0 +llO 434 559 · 663 111 1000 1103 .,. 
C .. -
� Ill ..e 
f IC -,, 
� u z " 
II: C: 
0 -.. ... ..  ¥ 'o - .... --
I K 
' , z 1 7  
' 1 30 39 
1 1  2 39 41 
10 1 1 1, 
I 
Dlflect1N 11 " • 
29 39 4' 57 67 75 11 2'8 310 
66 1 10 1 50  260 270 271 - 3lO 377 
55 51 78 104 134 1,1 203 265 300 
20 21 33 41 57 71 15 132 134 
128 183 an 235 251 2'3 217 309 381 
N 
N w 














h� ,, 1 
I ni ti a l  crack · at 1 605 l bs 
Fai l ure crack above pl ate at 7923 l bs 



















0 --�-¥ 'o 










1 1  
50 100 170 200 JOO 
TAIL£ I. I I  
TEST DlTA Of IUN IO.  I ll  
350 
IMCNJNE LOU ( Pl f)  
400 450 500 
LOAD lPn ) lbs.  
575 650 725 g 875 950 1000 
_ -- _ 654 _ 1214 . 1996 _ 2332 _3450 4009 168 __ 5127 5686 6525 _ 7364 8202 9041 _ 9879 10718 1 1 277 
-27 -142 -191 -201 -263 -306 -363 -41 5  -464 -555 -656 -850 -111 -1019 -1 108 - 1 1 26 
32 123 239 . 257 350 412 499 1 39 -138 -273 -359 -Ml -t53 -441 +2401 +2482 
28 83 151  161 186 202 442 698 ll5 1012 1 1 55 1 31 3  1531 1 564 1 576 1293 
1 9 1 5  1 9  40 43 49 57 59 67 71 86 92 102 1 1 9 1 58 
2 13  23 27 49 65 89 1 18 170 198 226 230 270 301 368 585 
2 1 0 0 1 • I 1 1  18  1 7  18  1 3  12  27 47 1 57 
1 0 3 ' 1 9  30 40 56 14 1 12 130 lil 185 225 266 302 
0 4 3 - - - - - - - - - 38 38 50 1 1 1  
0 4 • 1 7  3' 31 IO 68 • 107 120 132 HI 115 217 2lO 




1-----� 10 ; _ __;_,:_ ___ •- I 






t,· I l-�t· I 4t· ----t 
I ni ti al crack at 1 70 ps i 
Crack above pl ate at 800 ps i 









C: -"a '°  
• I ., 0 . ...  
C: JC -
C: -





0 --..... ¥ I ... 0 
� ... 
cl ac 
TAil£ 1. 12  
TEST DATA Of IEM NO. 818 
MCHINE LOAD (pst ) 
50 150 200 250 350 . 450 575 650 725 750 800 850 900 925 950 1 100 
LOAD (Pn ) lbs .  












-45 -1 37 -190 -267 -374 -540 -689 -769 -1020 -908 -933 -Ml •847 
36 1 83 201 544 
44 162 268 417 
0 2 2 -
1 7 16 31 
0 1 2 ' 
2 0 1 -
2 1 5  1 8  54 
0 7 1 5  26 
1 7 15 30 
1 5  31 42 73 
786 1 132 1465 1829 2091 2242 2371 2546 2841 
612 895 1 135 1384 1583 1672 1 756 1857 1100 
- - - -
52 M 142 1 78 
18  33 46 6l - - - -
87 146 180 1 85 
36 59 85 100 
52 ·99 149 184 

















- - 65 
323 379 452 
11 86 • 
63 86 1 35 
356 41 7 510 
1 38  156  200 
268 211 331 
223 250 273 
-900 -976 -1246 
2687 908 2193 
1 980 201 7  21 93 
68 67 1 1 7  
51 5 675 1027 
91 89 95 
1 56  1 99  268 
594 774 1059 
245 352 427 
365 414 445 
288 311 364 
N 
N ...... 
,, ' �  
I
(' 
In i ti al crack at 200 ps i 
Crack above pl ate at 725 p�i 
V11 
Fai l ure crack at re-entrant corner at 1 1 00 ps i 





C - Concrete "O '° • • 
i �  
� C M -• Avh � 
� 
C .. • 
� I A  tit ... 10 A I' M 5 I 
"O . 8 . 
7 C 
M I Q u Q e J C  u 
C C 0 -.. .. ... 
¥ •  .- 0 
... r4 
& M Dlflectioa 
TAIL£ I. 13 
TEST DUA Of IEAN NO. Bl 
MACHINE LOAD ( ps 1 )  
100 200 250 300 350 400 450 575 650 725 800 875 950 1025 1 10 1440 
LOAD (pn ) lbs .  
1214 2332 2891 3450 4009 4568 5127 6525  7364 8202 9041 9879 1 0718 1 1 557 1 2675 1 6 190 
-30 -23 -63 -83 -390 -402 -418 -493 -527 -569 · -61 9 -662 -702 -768 -835 -626 
54 1 76 368 . 542 679 882 101 1  1271 1441 1600 1791 1990 21 51 2387 2671 1525 
17  +1 +4 +9 +1 48 63 98 1 22 1 39 1 58 .  201 210 262 309 1 873 
203 192 85 91· 202 638 71 7 739 903 939 1050 1 154  1228 1 427 1 545 1 789 
7 7 18  2 2 - 5 - 5 - - - 7 - 9 8 
1 1 - 2 - 2 - - - I 5 - ' 6 6 26 
2 +1 - 0 - 0 - - 1 +1 0 - - - -
+5 1 - ' - 12 - - 27 33 38 - 53 62 76 167 
1 5 12  20 23 . 32 38 55 66 75 92 107 1 20 1 38 1 56  1 59 
4 1 1  21 39 41 56 87 1 78 240 282 297 303 310 336 337 433 
1 1 2 2 +1 1 1 0 1 3 0 +I ♦J +4 25 506 
1 - 5 - 4 - - 1 3 3 - - - - 42 






. . . . ·- t- . . . • 
I n i ti al crack at 300 ps i 
1) 
E. 
. �-- - --- -- ,. __ ·- . ... __________ ...,._, 
8 /0 - � · 
- --· · • . . __ _______ _ __ ..__ ____ ..__..,. __ ..,__.., __ ..,_ ... '---4 
Fa i l ure crack above pl ate at 1 440 ps i 










C IC Au -
2 
C 1 .. 8 - ' � "' ... 13 r IC ' 14 - 1 7  
18 a 20 � 22 : 21 u 
I: C: 
0 --... 
¥ • _ o  ... ... Dlflect1oa & ,c 
100 _ 300 _ _ !I! 500 600 
TMU 1. 14 
TEST DATA Of IUN II). 110 
MCIUNE I.GAO (,s 1) 
800 900 100 1 10 1 200 1300 
LOAD (Pn ) lbs .  
1400 1500 1600 1650 1680 
1214 3450 4568 5686 6804 9041 101 59 1 1 277 1 2675 1 3514 14632 1 5750 1 6868 1 7986 18450 18881 
-20 -1 12 -170 -221 -262 -334 -374 
12 268 462 
9 27 35 
5 l4 100 
'! - -
1 2 1 1  
2 - -- - -
1 1 S  31 - - -
0 2 1 
1 4 5 
1 - -- - -
1 3 12 

















































-425 -521 -460 -454 -311 -406 -468 -790 -1 166 
226 2500 2100 1740 Ml 1440 1 1 53 1 190 "' 
235 685 750 804 151 M2 978 1090 1 508 
932 1488 1454 1500 1uo 1n1 2030 2134 2U8 
28 22 1 8  1 7  14  1 7  20 57 557 
61 60 65 63 " 73 1 1 3 
23 31 41 41 65 80 106 
40 45 50 56 58 13 82 94 18 
220 246 274 310 345 401 520 794 
35 42 49 57 '2 68 11 109 1 1 1  
69 67 67 69 61 74 70 
1 1 3  1 33 1 55 1 76 204 237 327 
34 59 80 98 128 152  201 264 703 
61 67 77 85 16 107 1 1 9 1 37 141 
149 169 188 2QI 230 2'5 322 391. 890 
235 261 289 310 331 366 385 
N w 
t-4 














... 8"  ' � ·  f\ Z Z • 1 Loc(>..:H'on • r 
t>,o.l tS--, e · 
:-- - - - - - - - · · �1 
I n i ti a l  crack at 400 ps i 
Crack above pl ate at 1 1 00 ps i 
1-t-j• 
Fa i l ure crack at re-entrant corner at 1 680 ps i 





"O '° • • 
� �  � 
C: " -
�h . ... � I ., .. 
Asia 
C: ... 2 • 1 'o .,. ... 8 r JC · 12 - 1 3  
16 I. 1 1 7  � 18 r 20 u 28 
C: C: 
0 er-
i1o - ... 
:i JC DlflecttOII 
100 200 300 __ 400 __ 500 
TAil.£ 8 . 1 5  
TEST .DATA Of BEAN NO. 81 7 
MOUN£ LOAD ( ps 1 .) 
_600_ 700 800 900 1000 1 100 1 200 1 300 1400 1650 1820 
LOAD (Pn )  lbs .  
1 214 2332 3450 4568 5686 6804 27923 9041 101 59 1 1 277 12675 13514 1 4632 1 5750 18545 20446 
-25 -86 �150 -206 -263 -316 -372 -440 -51 5 · -492 -681 -783 -818 -974 -1060 -1870 
· 1 3 66 202 275 351 669 1060 1268 1483 1751 2005 21 51 2396 2797 2502 2459 
8 18 . 11 21 5 54 158  · 212 268 368 518 Ml 583 800 1 188 1800 
8 45 142 267 415 575 692 706 724 750 •5 122 1037 1 563 2077 2582 
4 - - - 8 16 23 29 38 31 33 40 44 49 1 27 194 
2 4 1 1  21 29 43 59 11 82 88 II 1 16 1 30 160 209 379 
1 2 2 4 1 16 27 34 45 54 63 70 76 84 84 1 76 
1 - - - - - - - - 79 1 32  181 227 290 376 525 
1 • · 21 22 24 35 91 1 70 182 196 201 249 798 3H 441 1 8724 
1 - - - - - - - - 58 108 148 184  248 286 619 
0 2 I 19 29 47 78 100 1 24 1 32 1 55 1 76 202 236 236 31 5 
6 4 3 0 0 1 5  29 42 56 69 1 14 181 186 185 1 93 1 78 
0 - - - 5 12 23 31 42 82 1 27 168 207 274 373 528 
0 3 12 22 37 51 78 96 1 16 139 167 212 228 261 316 423 
22 71 • 100 105 135 171 1 79 186 191 211: - 324 352 380 445 
N w w 
•• 
.. . 3t" 
5 ·  
Ini ti al crac� at 500 ps i 
I-•·· - • 
L 








-1· t-, ZZ , 8" 1 Loc...l-ion o f. 
&>i o.\ G� � 
� - - 141-f" - - - - - · · , 
· Fa i l ure crack above pl ate at 1 820 ps i 
F i gure B . 1 5  Crack pattern for beam NO . B 1 7 
N w � 
z • • 
.. ! - -
w � 
! ;! a 
-
a � - I 
.. � -. N -







sluip, .. ui1JiS 
• • • • 
- • w--
O N O -
7 - 0-
u, ,-GI • u �  •• ot x 
sa.""' lpe.a, uoiiau-a 
235 






@ � . 
,. � -. . .� 
Vn 
1'i 
Fa i l ure crack at re-entrant corner at 200 ps i 
Fi gure B . 1 6 Crack pattern for beam NO . B4 
J'' 
N w 
50 100 1 50  190 
654 12 14  1 773 2220 
C .. • 5 - z 3 -4 
'o .,. .. ' r IC - J 0 0 -
'a • 4 10 12 17 
J 
C C: o -.... K Dlflect1oa 24 • 43 SI c 2 
I � 
TAIi.£ I. 17  
T£ST DATA Of l£M IIO. 88 
MOUN£ LOAD (pst)  
250 JOO 350 390 
LOAD IPn ) lbs .  
289) 3450 4009 4456 
4 ., ·2 31 
0 5 28 '2 
20 23 '° • 



















In i ti al crack at 1 90 ps i 
Fi na l  crack at re-entrant corner at 420 ps i 
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N C"'I 
N 
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UJ  ,.OI X . u �  ,.ot x 









I n i ti a l crack at 1 00 ps i 
Fi na l  crack at re-entrant corner at 490 ps i 




AP PENDIX C 

























i 00 00 
9 0 0 0  
8 0 0 0  
7 0 00 
\ 0 0 0 
50 0 0  
4 0 0 0  
3 0 0 0  
2 0 0 0  




\ 0 0 0 0  
9 C O O  
� 0 0 0  
7 0 0 0  
1 0 0\l 
50 00 
4 0 00 
3 0 0 C,  
2 0 0 0  
1 0 00 
0 
C .  l 
BEAM NO. l 
VN MAX• 9900 LB. FC'•41 95 PSI 
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STRA�" 11il/ l N · • i� TO O O OO O  
Figure C � 42 Reinforcement Ash strain vs actual react"ion Vn 
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Figure C . 44 
BEAM NO, 5 . 
VN IMX• 7401 LI. rc••,41 95 PSI 
EC ••020 KSI ES •29000 KSI 
X STEEL nBRES • 0.0 ASH.•0.20 "S. IN 
4 3 3 . 3 3 8 1 8 . 1 7  
STRA I N  I N/ I N  • l / 1 0 0 0 0 0 0  
1 3 0 0 . 00  
Reinforcement Ash strain vs actual reaction Vn 
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BEAM NO. 6 
VN IMX• 6292 LB. rc·•41 95 PSI 
EC •4020 KSI ES •29000 KSI 
X STEEL FIBRES • 0.0 ASH.-0.20 S.IN 
4 00 1 0 0  8 0 0  1 0 00 1 2 0 0  
ST "A·t N tte/ f N -. "1'1'TI) 00 0C 0  
Reinforc�ment Ash strain vs actual reaction Vn 
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_Reinforcement Ash strain vs actual reaction Vn 
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S T RA I N  I N/ I N  • · \/ \ 0 0 0 0 0 0  
Reinforcement Ash strain vs actual reaction V0 
BEAM NO. I I  
VN MAX• 91-43 LB. F'C'•-142O PSI 
EC •5190 KSI ES •29000 KSI 
X ST££L FIBRES • 0.1 ASH.•O.20 S.IN 
500 , o oo 1 50 0  
ST R K11r  1 N /  I N - •rT/'1_0 0 0 0 0 0  
Figure C. 48 :  Reinforcement ·Ash strain vs actual reaction ·vn 
26 5 
e 0 c o  
7 0 0 0  
1 0 0 0  
5 0 0 0  
4 0 00 0 
N 
V 3 0 00 
N 
L 2 0 0� a 
1 0 0 0 
0 
0 2 0 0  
Fi gure C . 49 · 
1 11 0 0 0 
1 5 0 00 
1 4 0 00 
1 30 0 0  
1 20 00 
1 1 0 00 
A 1 00 00 
t0 0O 
I 1 0 0 0  0 
N 7 0 0 0  
V 1 0 0 0  
N 5 0 0 0  
L 4 0 0 0  
II 3 0 0 0  
2 t' O O  
1 0 C O 
0 
0 2 0 0  
.Figure C . 50 
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Rei nforcement Ash stra i n vs 
8EAM N0. 1 4  
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EC •3300 KSI ES •29000 KSI 
X STEEL AIRES • 1 .2 ASH.•0.20 S.IN 
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STll!A 11t"-1117' 1 N  • 1/"1 0 0 0 0 0 0  
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Rei nforce.ment As h stra in vs actua 1 reaction Vn 
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Reinforcement Ash strain vs actual reaction Vn 
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sT ftA. I N  I N/ I N  • 1 / 1 0 0 0 qo c  V Reinforcement Ash strain vs actual 
reaction � 
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Figure C . 54 Reinforcement Ash strain vs actual reaction Vn 
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TABLE D . 1 
CAL I BRAT I ON OF RAM VS TESTI N� MACH I NE 
Mach i ne Load 
(y = 1 bs ) 
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From s tat.i sti cal regress i on a na lys i s i n  Tabl e D .2 , the fol l owi ng  equat i on 
can be used to cal cu l ate the number of pounds for any Ram ' s press ure i n  
( ps i ) :  
y = ( 95 0 2 885) + ( 1 1 . 1 81 9  x) 
where : y = No . of pounds 















CM.ORATION C# LOADINC JACIC 
VS. 1ENIUS OLSEN TESTING MACHINE 
1 000 2000 3000 4000 
PRESSURE FOR RAM NO . 1 I N  PS I .  
5000 
Figure D.  l Ram No . l  (Psi) vs Machine Load (lbs) 
SAS 
OEP VAI U AIL[: Y 
ANALYSI S  OF VAR IANCE 
SUN OF NEM 
SOURCE o, SQUARES SQUAii[ F VALUE rtl08>F 
MODEL 1 592Ut36599 5921 1136599 235101 . 137 0 . 0001 
ERROR 211 601tlt62. 51 25 1 15 . 93106 
C TOTAL 25 592201t l062 
ROOT MSE 1 51 . 7001 It-SQUARE 0. 9999 
DEP NEAii 1 1072. 3 1  AOJ R•SQ 0 . 9999 c.v. 0. 11111,n 
PAIIAM[TEII EST IMATES 
PARAMETER STANDAIIO T F'Olt HO : 
VAR IABLE Of' EST IMATE ERROft PAAANET[R•0 PROB > I T I 
I NTERCEP 95 . 2Hlt 7091 ... . ..  0721 544 1 , 961 0 . 0607 
)(1 1 1 . 11 117798 0 . 02306 1 1 1  411t . UO 0 . 0001 
Table D. 2 Statistical Analysis for Ram Pressure vs 
Load 
-
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